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Abstract 


Minimal planar partitions have been determined for the 
class of complete graphs, most complete bipartite graphs, 
and the class of m-cubes. In addition, minimal planar 
partitions whose subgraphs have vertex degrees of at most 
four have been determined for most complete graphs and all 
complete bipartite graphs. However, there does not exist at 
present a method for determining a minimal planar partition 
for an arbitrary graph in polynomial time. Edge partitioning 
algorithms are one means of obtaining partial (approximate) 
solutions to this problem. 

The purpose of this thesis is to examine the results 
obtained so far on minimal planar partitions for the classes 
of graphs mentioned above, and to introduce three efficient 
planar edge partitioning algorithms that produce good 
approximations (in terms of size) to a minimal planar 
partition for an arbitrary graph and achieve a balance 


between their complexity and their performance. 
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Chapter 1 


Introduction 


This thesis examines the problem of determining a 
minimal planar partition for a graph. The problem involves 
partitioning the edges of a graph into the smallest number 
of subgraphs such that each subgraph can be embedded in the 
plane with no edges crossing. The minimal planar partition 
problem or one closely related to it often occurs in 
designing the layout of an integrated circuit [Fer 70, 
Rubevcy Han @5,eVane/5, Luiy 7/6). +Thes circuit is represented 
as a graph, where the components and wires of the circuit 
are the vertices and edges of the graph respectively. The 
goal is to place the wires of the circuit on the minimum 
number of boards such that wires on the same board do not 
cross. 

At present, the minimal planar partition problem is not 
Solvable in polynomial time for an arbitrary graph. In 
addition, it is not known whether the problem is NP-complete 
[Gar 79]. However, it is known that the related problem of 
nonplanar edge deletion is NP-complete [Lui 76]. The 
nonplanar edge deletion problem involves determining the 
minimum number of edges whose deletion from a graph results 
in a planar subgraph. 

It is reasonable to assume that the minimal planar 
partition problem is not in P and to look for algorithms 


that obtain partial solutions to the problem in polynomial 


time rather than an exact solution. 

This thesis has two goals: (1) to design an efficient 
algorithm that produces a good approximate solution to 
instances of the minimal planar partition problem, and (2) 
to achieve a balance between the complexity of the algorithm 
and the quality of the approximation it produces, that is, 
to find the point where any improvement in the performance 
of the algorithm requires a disproportionate increase in its 
complexity. 

Theoretical results on the minimal planar partition 
problem are surveyed in Chapter 2. The results surveyed deal 
with the order of a minimal planar partition for a graph 
(the thickness of a graph) and the construction of some 
minimal planar partitions. Included are results from Tutte 
[Tut1 63], Beineke and Harary [Bei 65 and Beil 67], Beineke, 
Harary, and Moon [Bei 64 and Bei2 67], Alekseev and Goncakov 
[Ale 76], Kleinert [Hob 69], and Bose and Prahbu [Bos 77]. 
The main result from Tutte 1s an upper bound on the 
thickness of a graph. The papers by Beineke and Harary and 
by Alekseev and Goncakov are concerned with minimal planar 
partitions of complete graphs. The results from Beineke, 
Harary, and Moon deal with minimal planar partitions of 
complete bipartite graphs and Kleinert's result [Hob 69] 
concerns the thicknesses of m-cubes. 

Also included in the survey are the results from Bose 
and Prahbu on minimal planar partitions of complete graphs 


and complete bipartite graphs where the degree of a vertex 
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in any subgraph of the partition is restricted to be less 
than or equal to some integer d. In particular, their 
solution for the case d = 4 is examined in section 2.1.3 and 
expanded Onk 

Chapter 3 is devoted to the examination of two linear 
time planarity algorithms: that of Hopcroft and Tarjan, and 
that of Booth and Lueker. The path finding algorithm from 
Hopcroft and Tarjan [Hop 74] contains several minor errors 
which have been noted in the imeecarnve [Deo 76] and one 
MayOLPeSUDE Lem ogic! error Whee is noted in section 3.1.4. 
The pq-tree algorithm from Booth and Lueker [Boo 76] is an 
O(n) version of an earlier vertex embedding algorithm 
suggested by Lempel, Even, and Cederbaum [Lem 66]. These two 
algorithms are used in developing the planar edge 
partitioning algorithms described in Chapter 4. 

Chapter 4 examines three new edge partitioning 
algorithms that produce a planar partition of a graph. Two 
of the algorithms proposed are based on the algorithms in 
Chapter 3. The first proposed algorithm is a Spanning tree 
edge partitioning (STEP) algorithm. To produce a planar 
Subgraph in a partition this algorithm starts with a 
Spanning tree over the vertices of G and the edges of G not 
yet partitioned. Edges are added one at a time to this 
initial subgraph while maintaining its planarity. The second 
algorithm, a path finding edge partitioning (PFEP) 
algorithm, uses a modified version of the path finding 
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into a set of planar subgraphs. The third proposed 
algorithm, a pq-tree edge partitioning (PQEP) algorithm, has 
the same overall structure as the PFEP algorithm but makes 
use of a modified version of the pq-tree planarity algorithm 
of Chapter 3. Theoretical results for the new algorithms 
include a proof of the correctness of each algorithm and an 
upper bound on the time complexity of each algorithm. 

The value of the three new algorithms as heuristic 
algorithms for the minimal planar partition problem is 
assessed in Chapter 5. One performance measure is considered 
and experimental results from tests run on all three 
algorithms are presented and compared. The algorithms are 
also compared on the basis of their resource requirements 
(execution time) and the characteristics of the constructed 
planar partitions (the number of edges in the largest 
subgraph and the properties of each subgraph). 

Chapter 6 summarizes the three new algorithms and their 
experimental behavior, discusses the merits and drawbacks of 
each, relates the goals of this thesis to what was 


accomplished, and presents ideas for further research. 
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Chapter 2 


History of the Minimal Planar Partition Problem 


This chapter surveys theoretical results on the minimal 
planar partition problem. Results on the order of the 
minimal planar partition for a graph (the thickness of a 
graph) are presented first. Included in these results are 
upper and lower bounds on a graph's thickness and the 
thicknesses of the complete graphs, the complete bipartite 
graphs, and the m-cubes. Also examined are results on the 
minimum .size of planar partitions of complete graphs and 
complete bipartite graphs where each subgraph in the 
partition has vertices of degree less than or equal to four 
(degree constrained partitions). 

Then the methods used in constructing minimal planar 
partitions and: minimum size, degree constrained planar 
partitions of some complete graphs and some complete 
bipartite graphs are examined. 

Let G = (V, E) represent a simple, undirected graph 
where V is the set of vertices of G and E is the set of 
edges of G. Let n be the number of vertices in V and let e 
be the number of edges in E. Where necessary, the notation 
V(G) and E(G) is used for V and E respectively to avoid 


ambiguity. 


Definition 2.1 
A graph G is connected if every pair of vertices is 
joined by a path. A maximal connected subgraph of G is 


called a connected component of G. 


Definition 2.2 
A graph G is biconnected if every pair of vertices lies 
on a cycle. A maximal biconnected subgraph of G is called a 


biconnected component of G. 


Definition 2.3 

A planar embedding of a graph G is an embedding ina 
plane (or on a surface of a sphere) of the vertices and 
edges of G such that each vertex of G is at a different 
location in the plane and two edges intersect only at their 


common vertex if they have a vertex in common. 


Definition 2.4 
The regions defined by a planar embedding of a graph 


are the faces of the planar embedding. 


Definition 2.5 
A graph G is planar if it has at least one planar 


embedding, otherwise, G is nonplanar. 


Defanitiony2son | hutn 63 
A partition of order k of @ graph G is the 
decomposiitnoneofeG intork) subgraphs Hs," 19S" igs9k, such that 


each Hi has at least one edge and any two subgraphs are edge 
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disjoint but not necessarily vertex disjoint. 


Defiant ones. wl Tutee6 3) 
A partition is planar if each subgraph of the partition 


ig planar. 


Defintervones cel kul os) 
The thickness t(G) of a graph G is k-if G possesses a 
planar partition of order k and G does not possess a planar 


partition of order less than k. 


The term minimal planar partition of G is used to refer 
to a planar partition of G with order t(G). Note that G may 
have more than one minimal planar partition. 

The complete graph is denoted by Kn and is the graph 
with n vertices in which every pair of vertices is joined by 
an edge. A graph G-is bipartite if its set V of vertices can 
be divided into two nonempty, disjoint subsets V, and V, 
such that every edge in BE connects a vertex in V, to a 


vertex in V,. Let m = |V,| and let p = |V.|. If each vertex 


in V, is joined to every vertex in V,, then G iS a complete 
bipartite graph and is denoted by K(m,p). The m-cube [Har 69 
and Bon 76], denoted by Qm, is a graph with 2**m vertices 
and m2**(m-1) edges. The vertices of Qm are numbered from 0 
to 2**m - 1 with the numbers represented in their m-digit 
binary form. An edge joins two vertices if and only if their 


binary representations differ in exactly one digit. 
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Let [x] be the greatest integer less than or equal to a 
real number x and let {x} be the smallest integer greater 


chanmOrseQualelOnx. 


2.1 Graph Thickness 


2.1.1 Upper and Lower Bounds 

The results surveyed in this section pertain to upper 
and lower bounds on the thickness of a graph. The lower 
bound of Theorem 2.1.2 and other results mentioned later are 


obtained using Euler's formula. 


Theorem 2.1.1 (Euler's Formula) A connected planar graph 
with n vertices, e edges, and f faces satisfies 


py et Gham be rea 


Theorem 2.1.2 The thickness t(G) of a graph with 7 vertices 
and e edges satisfies 
UG a ecmeon- 60s 
Proof: In a planar embedding of a graph, every face is 
composed of at least three edges and every edge borders 
OnELWOMLACES MAT hereLore rete CmOGMmt 68 7C/ Suro rmea 
planar graph 
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Therefore, any planar subgraph of G has at most 3n - 6 
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edges and t(G) 2 e/(3n - 6). 


THEOVEMEZe leo mGrULCeD (umimoo} meuetsG beravoranhiot 
thickness t(G). Let G' be formed from G by deleting 
either a single edge or a single vertex with all its 
incident edges. Then the thickness of G' is either t(G) 
CUmUCG). 1, 

Proof: Let the thickness of G' be k. Since G' is a subgraph 
GiaG,, k=) t(G). Since’ a planar partition for G of order 
k+1 can be formed by adding one subgraph of the deleted 


evementSutonG -aiti(GiesaktleeThuset(G)—1)s0 ke se t(G). 


Corollary 2.1.4 Let G be any graph with m < n vertices,. then 
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2.1.2 Complete Graphs, Complete Bipartite Graphs, and 
M-Cubes 

Interest in the thicknesses of complete graphs was 
kindled about 1962 when Battle, Harary, and Kodama [Bat 62] 
and Tutte [Tut2 63] proved that t(K9) = 3. The thicknesses 
of five out of every six complete graphs were established in 
1965 by Beineke and Harary [Bei 65 and Beil 67]. Their work 
was extended by Alekseev and Goncakov [Ale 76] (and 
independently by Vasak [Vas 76]) to include all complete 


graphs. 
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Theorem 2.1.5 For a complete graph Kn, 
oleae) ea ALi )/5)1) 
Proof: Duk mee / (3ne-mo mbyeTneorem 2. liz. 
Since the number of edges e in Kn is n(n-1)/2, 
t (Kn) deen (n= 1) Cene— 12) 


[net 7) 6) 
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Theorem 2.1.6 [Bei 65 and Beil 67] For n # 4(mod 6), and 
nas .oF 


Seen) 6 er - 


Theorem 2.1.7 [Ale 76] The thickness of Kn for n # 9, 10 is 
t(Knoe= hf(nt7)/60) 
and 


t (K9) ERK Ov) = Se 


The proof of Theorem 2.1.6 involves using Theorem 2.1.5 and 
CQusenuc wig vaeplanagipanuitionsotworder i (n+7)/6detor kn, 
when n # 4(mod 6) and n #¥ 9. The construction of the planar 
Daur bron Ss explainedeinedetailewin Section 2.2 1. oBy 
modifying the construction technique from Beineke [Beil 67] 
Slightly, Alekseev and Goncakov [Ale 76] were able to 
construct a planar partition of order [(n+7)/6] for graphs 


Kn, n = 4(mod 6), n 2 22, thereby establishing Theorem 


Thickness results for the bipartite graphs first 
appeared in a paper by Beineke, Harary, and Moon [Bei 64] 


and then in more detail in a paper by Beineke [Bei2 67]. The 


a 


main results are illustrated by the following four theorems. 


Theorem 2.1.8 If G is bipartite, then 
CVG) 2m e/a. 20 4) ie 
Proof: For a bipartite graph G each face has at least four 
edges and therefore, by Theorem 2.1.1, any planar 
subgraph of G will have at most 2n - 4 edges. It follows 
then that 
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Theorem 2.1.9 The thickness of K(m,p) satisfies 
Miley ane PA eP CIS SS gay) eS Oe gitehe Preaek) eS gee 
Proof: The graphs K(1,p) and K(2,p) are planar and K(m,p) 
is isomorphic to K(p,m) so we only have to consider 
complete bipartite graphs for which 2 <m <& p. 
(oki M, Dp) veceimp, cit 2p )eeacOllows frome Theorems2. 1.6% 
2. The proof that t(K(m,p)) < {m/2} is accomplished in two 
Pants sFirst, a planar ypartition of order sas 
constructed for K(2s,p) by making s copies of K(2,p), 
thereby proving the conjecture for even values of m. 
THEM aS UNCe st KU2ZS— yD) mot KR (2S, 0)) (by Theorem. 1.3, 


Deehoblows tha tet (Km, bigs eim/ 2} ator jakleévaluessoteim. 


Theorem 2.1.10 If m is even and p > (m-2)?/2, then 


t(K(m,p)) m/ 25 
Diemeis ood and ip i> aia) (Moe) eethen 


(mH1o7 25 


£(K(m,p)) 


Theorem) 2.1.11 The thickness ofekK(m7p) for ms °ptis 
t(K(m,p)) = {mp/(2m+2p-4)}, 
except possibly when m and p are both odd and there 
existsS an integer k such that 


p = [2k(m-2)/(m-2k)]. 


The proof of Theorem 2.1.11 involves using Theorem 2.1.9 and 
CONSEDUCL ING asplanarepartition of order {mp/(2m+2p—4) } for 
K(m,p) with m and p as given in the statement of the 
theorem. The construction of a planar partition for K(m,p) 
PSeOeSChi Ded ming SeCu1One2. 2.2. 

A final result on the thicknesses of complete bipartite 
graphs, which is stated by Beineke without proof in 
[Bei 2e6a4) 2 iseehat 

DGkK(Gr—op ers 0)) ae Teer orm firee4r 

The final result on graph thickness that is surveyed 

here is the result on the thicknesses of m-cubes as 


determined by Kleinert [Hob 69]. 


Theorem 2.1.12 The thickness of an m-cube Qm is 
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2.1.3 Complete Graphs and Complete Bipartite Graphs with 
Degree Constrained Partitions 

Bose and Prabhu [Bos 77] studied the minimum sizes of 
planar partitions of graphs (thicknesses of graphs) where 
the degree of each vertex d(v) in the subgraphs of the 


planar partition is constrained to be less than or equal to 
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some value d. In particular, the problem is studied for the 
case d = 4 and is solved for most complete graphs and 
complete bipartite graphs. It is conjectured in their paper 
that the thickness of the complete bipartite graph, K(m,p), 
For me=n4rnt2 ep =F40+3) tokea 1s 

t(K(mypp)) = [(mt5)/4)+1. 
It 1S shown in this section that this conjecture is false 
andethats® fontmn¥=—4ri2, ip ekenes, acted, 

E(K(m-p) bb=mi(m+t5)//44. 
With the above result, the degree constrained thickness 


problem is solved for all complete bipartite graphs. 


Thecreme 2. 1.113) Supposeen = —S sand nes 4pt1, where pois an 
integer and p 2 3. Then the thickness of the complete. 
graph Kn, in the degree constrained case, where d = 4, 
is given by 

t(Kn) = [(n+3)/4]. 

The proof of this theorem is accomplished in part by the 

Gonseruction of a planar partition of order [(net3)/4]) for Kn 

where each subgraph in the planar partition has vertices 

with degree d(v) < 4. An outline of this construction is 


Geverngminmesec iron 2 425.5. 


Theorem 2.1.14 The thickness of the complete bipartite graph 
K(m,p), in the degree constrained case, where d = 4 and 
neseppeis: 
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Proofs 

Camere p))e=—5((m+5) 7.4) pee ieme= p. 
First a planar partition of order r+1 is constructed 
for K(4r+2,4r+2), for any positive integer r, 
establishing 

c(K (4r4284r+2))es arth. () 

This construction is shown in more detail in section 
O° 2 38 NeXt SINece ax Vy mom kixtyas)/yl, 


t(K(m,m)) = {m?/(4m-4) } 


[(m?+4m-4-1)/(4m-4) ] 


[(m+5)/4]. Zo 
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Ete tetOoldowsSethat 
£(K (mem) )e=§ (i(mt5) 7/44 efor tallem: 
(bic K( me) ) (=e (ikpto))/ 4 eat ams pa os 
The proof involves the construction of a planar 
partition of order r+i, for p = 4r+4, r a positive 
integer, and m S$ 4r+2. The construction is outlined in 
section 2.2.3 and establishes that 
t(K (m4 84) Senta 
Since t(K(m,4r+4)) 2 {m(4r+4)/(4m)} = r+1 (a degree 
constrained planar subgraph can contain 
e < min(4m, 2m+2p-4) edges), it follows that 


(Khim, 4r+4)) c= rtie I aeadditioneesince 
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Although it is conjectured that 

CK (4r+2.¢rt soe ert? (BOS 7/1, 2b 1S easy to 
show that the conjecture is false. For 
example, if r = 1, then K(4r+2,4r+3) = K(6,7) 
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Figure 1. A Planar Partition of K(6,7) 


CK Carrara 3) )s) pete Ke (2) a 4) = eae and 
hence 
c(K (e+ 2), Sess) eri 
RCO il wel ii Pandeueiverabove, 1t follows that 
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2.2 The Construction of Minimal Planar Partitions 

The methods used to construct minimal planar partitions 
and minimum size, degree constrained planar partitions of 
complete graphs and complete bipartite graphs are examined 
in this section. There are two reasons for this examination. 
The first reason is to unify the construction methods used 
to produce the different partitions. The second reason is to 
indicate the structure of the partitions and to indicate 


what is involved in determining a partition. 
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2.2.1 Partitioning Complete Graphs 

Beineke and Harary [Bei 65] and Beineke [Beil 67] 
construct planar partitions for some complete graphs as part 
of the proof of Theorem 2.1.6. This section examines the 
construction Ofgasplanar, partition, offorderaksi es forva 
complete graph Kn, where n = 6k, k 2 1. Let the vertices of 
Kn be numbered from 1 to n. The construction technique shown 
here is the one described in [Beil 67]. The planar partition 
constructed for Kn is obtained from a k by k array A defined 
as: 

A(t, Ueke et (Coal) ea) ea 2 ee (1) +e) 41 97 2} (meds k)), 

ope Sl SAG) ES Use 

Every integer between 1 and k appears exactly once in every 


row and column of A. 
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fiesconstructl OneOotethemplanar partitions tote hn also 
requires the following function q. For any two integers r 
ances yeti Ss sak let. J beathemscOlLUMNs Of eARWHeres AN a)) e=at, 
and let 1 be the row in column 3 where A(i,j) = s. Then, 
kOe tN) OCaml eae ap) )) 
The subgraphs Hr of the planar partition for Kn, r= 1, 
Zee ek are Constructed asmtollows. Bach Subgraphedm has 


the n vertices of Kn. The general form of Hr is illustrated 
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insrigures2\a)-abach Ofithessubarapns FA of Hr wis=)1, 2, 

--, 6, has the general form shown in Figure 2(b). FA has 
k-1 interior vertices, three exterior vertices, 3k-3 
interior edges, and three exterior edges. The exterior 
vertices and edges of Fh are the vertices and edges in Hr 
that define the face of Hr in which Fh lies (as illustrated 
in Figure 2(a)). The labels on the k-1 interior vertices of 
each FA in Hr are determined using the function q and the 
enerviesminmrnercoluMnmIeOteAmLoOrewhich A(t) 4) eee 
BeceSu-mA(i,s),) = thensthesbabe le one the (i-1) steinterion 
VElicCe XO te Fi), ori. = 624, 0 OPE eae toes G28 Re 6. iS 
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Another subgraph Hk+7 is necessary to complete the planar 
paket one Ofte Kihw. he eure eile Hk+7? contains the n vertices 
Ope komanodm hemo ke COOSS Ltt ott) rma ty atmo i Ott) eet Or 
Pee Cheat Hole eke ne sset AM AHA. wae BHT) 1S 
a planar partition of Kn, for n = 6k. It 1S minimal because 
t(K6k) = k+1 by Theorem 2.1.5. Figure 3 shows a planar 
embedding of the subgraph H7 of K18 constructed using the 
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Figure 2. Hr and Fh 
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Figure 3. The subgraph H7 of K18 


2.2.2 Partitioning Complete Bipartite Graphs 
The proof of Theorem 2.1.11 depends on the construction 

of planar partitions for certain complete bipartite graphs 
K(m,p). The construction outlined in this section appears in 
the paper by Beineke [Beil 67]. Let k and m be integers 
Satisfying k < m/2. Let g be a function defined by 

Gm )e= ek (m2) (naz kl 
If p is chosen as the largest even integer not exceeding 
g(m,k), then 

{mp/(2m+2p-4)} = k. 
Therefore, if a planar partition of order k is constructed 
Sone (Giselle sie teewh ihrer as “elgtte 

ECK(m, pi) 6S i mp/ (2m 2p54) } 


for certain values of m and p. 
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With respect to the pone erucrion Of Ga yPabticroneor 
order k, let s be an integer, s = p/2 (p even), and let the 
vertices of K(m,p) be numbered from 1 to mt+p with the 
vertices of the first vertex set numbered from 1 to m, and 
the vertices of the second vertex set numbered from mt+1 to 
mt+p. 

TOMCONSL DUCT BaeplLanage partition for .K(m,p) >.) an) so by ak 
array A is used. The elements A(i,4) are variable length 
VECUCOLS melOuLOnm A, miti°stwames: Dyakeanuray Cis constructed, 
where 


EGE age TIGR RIWA ST, 0 Cis inva) fs 


C(i,j) is the length of the element A(i,j). The element 
Atay ais 

AC lene ure ah et Oriente ALC Cukeel )))/. 
The remaining elements of A are defined inductively. For any 
HOV iaOmEA lee l es (SpathopentnicS) OfaclementmaA (i. ju 
1 < 3 < k, are consecutive integers (modulo m). The first 
entry of A(i,j) is consecutive (modulo m) with the last 
GULRVMC HUA aiding Db) aphOt alVeGoLUMndBOGeA, al mgs Ik athe 
DUUSLeILG nV ao GEA Gi flee tS equal to the second-to-last entry 
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Example 2.2.2 Let m=8 and k=3, then p=18 and 
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The entries of each element A(i,j) are integers between 1 
and m, and represent the vertices in the first vertex set of 
Kitt, Di Ther DONenUMDErS) 1 pe2,me. ens OL A represent ythe 
vertices in the second vertex set of K(m,p) where row i 
TEDlreséncoeVverimices Mtl and MrSstimeror j = 1,) 2° ,eue, Ky 
each subgraph Hj has the following planar embedding. The 
vertices of Hj are the vertices of K(m,p) and are placed on 
a sphere as depicted in Figure 4(a), where t is the first 
entry or Aili, 9). Each columnejot A, 15 4.5 kpespecifties 
which edges of K(m,p) are in Hj. The vertices represented in 
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(i) Upper Hemisphere (ii) Lower Hemisphere 


(a) The Position of the Vertices on the Sphere 


(iii) H17 (ial o8be (v) H3 


(b) The Upper Hemisphere of each subgraph for K(8,18) 


Figure 4. Partitioning K(m,p) 
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to the vertices m+i and mt+ti+s (from the second vertex set) 

in Hj. Each edge of Hj is drawn on the surface of the sphere 

uSing the line of shortest length between its two endpoints. 

Figure 4(b) shows the upper hemisphere of each subgraph Hj 

for K(8,18), 1 < j <$ 3. The subgraphs are constructed using 

the array A defined in example 2.2.2. 

The array A has the following properties: 

1. Each integer between 1 and m appears once and only once 
inseacherow,Ollv A Tnisemeans ithaty.each. Vertex, 2)... 
m 1S connected to each vertex m+1, m+2, ..., m+p once 
and only once. Thus, A represents all the edges of 
K(m;p) 2 

2. Only the last two entries of any element A(i,j) appear 
in elements below A(i,j) in column j. This property 
ensures that the subgraph whose edges are specified by 


column j is planar. 


2.2.3 Partitioning Complete Graphs and Complete Bipartite 
Graphs Into Degree Constrained Partitions 

The proct of Theorem 2. J):i33,1s accomplished in part by 
the construction of a degree constrained planar partition of 
order p for a complete graph Kn, where n = 4p, and p is a 
positive integer. The subgraphs Hk in the partition, 
1 < k < p, have vertices of degree d(v) < 4. Although Bose 
and Prabhu do not construct the planar subgraphs using an 


array it is done here to achieve consistency. 
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For n = 4p, a 2p by 2p array A is defined as: 
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Example 2.22.3 For n=12, p=3, A is a 6 by 6 array 


A= 1 2 5 4 5 6 
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Let the vertices of Kn be numbered from 1 to n. Each 
Subgraph HK,’ k= 1, 2, ..., Dp, has*the same vertices as Kn. 
In the planar embedding of Hk, the vertices are arranged on 
the sphere as illustrated in Figure 5(a). Both column k and 
column 2pt+i-k of A are used in the construction of Hk. The 
only edges in Hk are those edges between vertex k+i and each 
entry in A(i,k), and those edges between vertex (2pt+1-k)+i 
andseachmentry of sAUiy2pt i -Kumerore t= oie 2ee 5, ep. The 
planar embedding of Hk has the edges represented by column k 
of A drawn on the upper half of the sphere and the edges 
represented by column 2p+1-k drawn on the lower half of the 
sphere using the line of shortest distance between 
endpoints. The embedding of H2, for p=3, projected onto the 


plane, is shown in Figure 5(b). 
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To prove that t(K(m,p)) = [(m+5)/4], where m = p 


(Theorem 2.1.14 part(a)), a planar partition of order r+1 is 


eonstructed for K(4nt24rnr2 )etor rice. TAgainpean@arrayeis 


used to construct the planar partition. Let the vertices in 


the first vertex set of 
consecutively from 1 to 
vertex set from 4r+3 to 

spent Peine the planar 


(Zea ebym(r+?) SacLayeaA 


K(4r+2,4r+2) be numbered 

4r+2, and the vertices in the second 
8r+4. The subgraphs H7, H2, 
partition are constructed using a 


where each element of A is a i-tuple 


or 2-tuple of integers between 1 and 2r+1 defined as 


follows: 
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K(4r+2,4r+2) in the planar embedding of Hj is shown in 
Biguremsova)~ewniere stam suthemrurcteentry of Alege All the 
vertices to the left of the vertical axis are between 1 and 
2r+1 and all the vertices to the right are between 2r+2 and 
4r+2. Note that the vertices along the vertical axis are 
positioned independent of j while the position of each 
vertex along the horizontal axis depends on j. The edges of 
Hj are represented by column j of A where the i'th row of A 
corresponds to the vertices 4r+2+i and 8r+5-i. If s is an 
entry of A(i,j), then the edges (4r+2+i, s), 
(Et 2 hme art 3-6) eeCGr tt Sms Ptandeorto-1 4rte—s )) are in 
Hj. Figure 6(b) illustrates the embedding of the subgraphs 
H7 and H2 in the planar partition for K(6,6). The subgraphs 
are constructed using the array A from example 2.2.4. 
THeEsproCimenatme Kim, Dp) yea pTSsiZte non Mes pS 2 
(Theorem 2.1.14 part (b)) involves constructing a planar 
partition of order [(pt+3)/4] for K(m,p), where p = 4r+4, 
r 21, andm ss 4r+2, Let the m vertices of the first vertex 
set of K(m,4r+4) be numbered from 4r+5 to 4rt+4t+m, and let 
the 4r+4 vertices of the second vertex set be numbered from 
1 to 4r+4. Also, let s = {m/2} (the smallest integer greater 
thats ore equalto mm/ 2). Als SubVe\t- tjhabraye Amis constructed 
and used to form the planar partition of K(m,4r+4). Each 
element A(i,j) is a pair of consecutive integers between 1 
Andee t ceo re esl eS )S, a Oie mse crt, 
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Examplem2. 2.5) FOrer =92 mort 4e-e 2, and m =) 410 
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Each subgraph-Hj, j 
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., cti1, has the same vertices 
as K(m,4r+4). In the planar embedding of Hj its vertices are 
placed in the plane as depicted in Figure 7(a), where t is 
the first entry in A(i,j). The vertices numbered between 1 
and 2r+2 are place above the horizontal axis and the 
vertices numbered between 2r+3 and 4r+4 are placed below the 
horizontal axis. Note that the position of the vertices on 
the horizontal axis is independant of j and the position of 
the vertices on the vertical axis varies with j. 

TOntOUneHy, then eet hiecOLuMimol SA; jG se 2 spe ot 1, 
USmUSEO eehOr 1 =.) wk? ek. oe EA) = aC oat) then 
thesedges (hy, 4r+44i9)) wht ort dF oar +6-n, 4r+44+1), and 
(4rb= (hei) ede t+ 4+) ) anewin Hy; eand eit Mm 1S even or iss) 2, 
thenmetneweagese (hy, 4r75tmau) ome has, art+5tm—=1 ji) (4r+5oh) 
Ar+5+m-1), and (4r+5-(h+1), 4r+5+m-i1) are also in Hj. 

Figure 7(b) shows the planar embedding of the subgraph H3 
for K(10,12) constructed using the array A from 


example 2.2.5. 
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(a) The Vertices of Hj for K(m,4r+4) in the Plane 
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(b) The subgraph H3 for K(10,12), with d(v) < 4 


Figure 7. Degree Constrained Partitioning of K(m,4r+4) 


Chapter 3 


Planarity Algorithms 


Planarity algorithms determine whether or not a graph 
is planar (of thickness one). Two such algorithms are 
discussed in this chapter. The algorithms form the basis for 
two of the edge partitioning algorithms that are proposed in 
Chapter 4. The first algorithm is a path finding algorithm 
from Hopcroft and Tarjan [Hop 74], the second a pq-tree 


algorithm from Booth and Lueker [Boo 76]. 


3.1 A Path Finding Planarity Algorithm 

A forerunner of this planarity algorithm is described 
in Auslander and Parter [Aus 61]. Their algorithm is 
modified in Tarjan [Tar 71] to eliminate the possibility of 
an infinite loop and obtain a linear run time. Tarjan's 
version of the algorithm is put into a more concise form in 
Hoperort and Tarjan [Hop 74]. 2t 1s this concise torm that 
is described here. 

Briefly, the algorithm determines whether a biconnected 
graph G is of thickness one by embedding a cycle C of Gina 
plane and, then attempting to embed the remaining portion of 
G around C such that the embedding is planar. If G is 
planar, then, as a result of the Jordan Curve Theorem 
[Tar 71], a planar embedding is possible starting with any 


cycle of G. Using depth first traversal and a special 
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ordering of the adjacency lists of G, the algorithm 
constructs a planar embedding of G (or decides that such an 
embedding does not exist) in linear time and space. The time 
complexity of the algorithm is O(e); however, only graphs 
with e < 3n-6 need to be tested for planarity, yielding an 


O(n) time complexity. 


3.1.1 A Special Ordering of the Adjacency Lists of G 

A depth first traversal, [Tar 71], of the vertices and 
edges of an undirected, simple graph G with n vertices 
enables the restructuring of G into a form more conducive to 
planarity testing. 

First, a depth first traversal of G can be used to 
assign to each vertex v a preorder number g(v) (an integer 
value between 1 and n) which is the traversal number of v. 
Secondly, the edges of G can be classified (using the 
terminology of Reingold, Nievergelt, and Deo [Rei 77]) into 
two types: tree edges and back edges. An edge (v,w) of G is 
classified as a tree edge if w has not been visited prior to 
the traversal of the edge. Otherwise, (v,w) is classified as 
a back edge. A tree edge (v,w) has the property that 
giv meow) peandsforeal backvedgem(v >w)) g(v)Beag( wis 
Finally, a depth first traversal of G can be used to direct 
its edges in the direction of traversal. 

The planarity algorithm performs a depth first 
traversal of G to renumber each vertex v in V using g(v), to 


classify each edge of G as a tree edge or a back edge, and 
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to direct each edge. In addition, for each vertex *, two 
lowpoint values: LOWPT1(g(v)) and LOWPT2(g(v)) are 
determined. These lowpoint values are the smallest and 
second smallest values of g respectively that are assigned 
to vertices reachable from v via a path traversed during the 
Gepth first traversal. Figure 8 shows the LOWPT1 and LOWPT2 
values for the vertices of a graph where each eeeree v has 
already been relabelled as g(v). The edges of the traversed 
graph G are sorted into nondecreasing order by key, where 
the key for each edge is computed by the function P defined 


as: 


b[(v, w)] 2*W if (v, w) is a back edge 


2*LOWPT1(w) if (v, w) is a tree edge 


and LOWPT2(w) 2 v 


2*xLOWPT1(w) + 1 if (v, w) is a tree edge 


and LOWPT2(w) < v. 


Finally, ordered adjacency lists (with edges ordered in 
nondecreasing values of Pb), are constructed from the sorted 
edge list. Once the adjacency lists are constructed, an 
embedding procedure determines the planarity of G by 
attempting to systematically embed G in a plane. The 
systematic embedding is performed via a depth first 
traversal of the restructured graph G. The traversal 
commences at vertex 1 and uses the ordered adjacency lists 


of G. 
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1, LOWPT2(3) 
1, LOWPT2(4) 
1, LOWPT2(5) 
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2. LOWPT1(4) 
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Figure 8. Reachable Vertices 


3.1.2 The Embedding Procedure 

Assume that the vertices of G have been numbered via a 
depth first traversal of G and that the edges of G are 
directed and classified and the adjacency lists. ordered as 


described in the previous section. 


Definition 3.1.1 
AecyClenGsot a GrapheGeissampath Of Gesuch that stne 


PPOStmveLtexwOL Lies Da ulm. smchemcamemase Lheulacte vertex. 


Paths and cycles in the embedding procedure are limited 
to a sequence of tree edges and one back edge. A path from v 


to w will be represented by p: v -->* w. 
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Dehinutcronis cl. 2 
A segment S of a cycle C is a connected subgraph of G 
having no edges in common with C and consisting of either: 
1. a single back edge with both vertices on C (a trivial 
segment), or 
2. one tree edge (s, v), with s on C and v not on C, plus 
the directed tree rooted at v along with the set of back 


edges emanating from the tree (a nontrivial segment). 


If a cycle C is removed from G, the subgraph G - C is 
the collection of segments induced by C. Every edge of G- C 


belongs to one and only one such segment. 


Debinit1 Onmo sles 
The vertices common to a cycle C and a segment S of C 


are called the vertices of attachment of S (see Figure 9). 


It is advantageous to distinguish two vertices of 


attachment of a segment S from the others. 


Debinicionws sine 
The highest numbered vertex of attachment of a segment 
S is called the start vertex of S and the lowest numbered 


vertex of attachment is called the finish vertex. 
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Definition 3.1.5 (Even [Eve 79]) 
Two segments S and S' interlace if either 

lee There ware four Gdyustinetmverntrces#v, W, Vil~we onsC such 
ind Gaweondewad beavemelcecmotmattachment so feomald viwand 
w' are vertices of attachment of S' and the four 
vertices appear in cyclic order v, v', w, w' (as in 
Figures|0(al)) or 

2. S and S' have three vertices of attachment in common (as 


ineerqures!0 (bi. 


If two interlacing segments are embedded on the same side of 
C then they overlap. Two segments that do not interlace can 
be embedded on the same side of C with no loss of planarity. 

There are some important conceptual ideas underlying 
HOpCrOLiNandslarjany Saplanarni tyealgqorithm.» TOMCORSCTUCt 1a 
planar embedding of G, a cycle C of G is determined. The 
cycle C (containing vertex 1) is the first cycle traversed 
during the depth first traversal of G. The construction 
process consists of embedding C in a plane and then 
systematically attempting to embed each segment in the plane 
in such a way that no two segments overlap. If Such an 
embedding is not possible, then G is nonplanar. 

Given a segment S of C let t represent the section of 
tree edges of C between the finish vertex f£ and the start 
vertex s of S, t: £ ->* s, (See Figure 9). The process of 
embedding each segment S with respect to C consists of 


performing two planarity tests. 
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(b) Three common vertices 


Figure 10. S and S' Interlace 


The first planarity test, under the assumption that 

S U C is planar, checks for interlace between S and the 
segments embedded before S. If two interlacing segments 
S' and S" are found that interlace with S, then G is 
nonplanar, otherwise, it 1s possible to embed S so that 
it does not overlap with the previously embedded 
segments. Thus, if S UC is planar, then S UC U 
{previously embedded segments} is planar. 

The second planarity test determines whether S UC is 


planar. This test is broken down into two parts: 
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VajmTesting? themplananmty coms eu te(ignoringsC st aeand 

(b) Testing the planarity of (S Ut) U (Cc - t). 

Algorithm 3.1.1 and Algorithm 3.1.2 illustrate the 
general flow of the planarity algorithm. The first algorithm 
assumes that G is a biconnected graph and returns the value 
PLANAR if G is planar and NONPLANAR otherwise. The second 
algorithm assumes that G has the structure obtained from a 
depth first traversal and has ordered adjacency lists, and 
that C 1S a cycle of G. The second algorithm returns the 
value TRUE if G can be embedded in the plane, FALSE 


otherwise. 


Algorithm 3.1.1 (PLANARITY(G) ) 

1. Perform a depth first traversal of G; directing and 
classifying the edges of G and renumbering its vertices. 

Ze eCONStGuctethe espectamlymorderedradjacency Tists®rorsG: 

3. Determine the cycle C of G (by depth first traversal of 
G starting at vertex 1) and embed C. 

4, If EMBED(G,C), then return PLANAR. 


5. Else, return NONPLANAR, 


Algorithm 3.1.2 (EMBED(G,C) ) 
1. For each segment S of C do 
1.1 Generate a path p of S (by depth first traversal). 
1.2 I£ S passes the first planarity test, then 
1.2,1 Embed p inethes plane. 
1.2.2 If S is a nontrivial segment, then 
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Comment: Perform the second planarity test 

(.222- 2AeT EM (SEMBED(S#UNt- 8C!0) Bor 
GGSRUSt) BUS (Gi=mt) Gistnonplanar):, 
then return FALSE. 

Comment: Otherwise S passes the second 
planarity test and, in the recursive call 
to EMBED, S has been completey embedded. 

1.3 Else, return FALSE. 


Comment: S fails the first planarity test. 


26 Return TRUE. 


Because the second planarity test is performed by a 
recurSive call to the embedding procedure it is necessary to 
break the test into the two parts shown. If the test were 
not broken down, it would be possible, during the recursive 
call, to infinitely decompose the graph S U C into the cycle 
C and the segment 6 

Note that the second test need not be performed for 
trivial segments because S UC is always planar. For 
nontrivial segments, on the other hand, both tests must be 
performed. Also note that the use of depth first traversal 
to systematically embed the segments of G, means that each 
segment is completely embedded before the embedding of a new 
segment starts. 

The embedding of a segment S of C commences with the 
traversal of a path p of S. This Picstepath yp mesa tit 


traversed in S always has the property that the vertices s 
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and £f are the start and finish vertices respectively of S. 
Henceforth, the first path p of a segment S is referred to 
as the leading path of S. Once p has been identified, the 
first planarity test can be performed on S because, as is 
shown later, only the leading path of S is required to 
perform this test. If S passes the test, then p is embedded 
in the plane and the procedure performs the second planarity 
EGSERONES .wE Or convenience p is embedded on the inside of C 
and all previously embedded segments are shifted about C as 
required to maintain a planar embedding. 

Part (a), of the second planarity test is performed via 
a recursive call to the embedding procedure with S U t as 
input. Note that the subgraph S U t is already numbered, 
directed, and has the specially ordered adjacency lists 
described in section 3.1.1. Therefore, the embedding 
procedure can commence with the embedding of S U t without 
the preprocessing which was required for G. In addition, 
Since a cycle C' comprised of t: £ ->* s and the leading 
path p: s -->* f of S is already embedded in the plane, the 
_ embedding procedure only has to embed the segments induced 
by C' to determine whether S U t is planar. While the 
segments of C' are being embedded the rest of G and, in 
DauriculapeatheseSéctlonpGeo teOretheacyclesGar smi gnored.e if 
each segment can be embedded in the plane, then S Ut is 
planar, and part (b) of the second planarity test (testing 
thesplananity sol) (S Ust) SUR Ceo jaeis pert Ocmed wm napart 


(b), the section of edges C - t is considered. Because of 
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the nature of the cycle C', the segments induced by C' in 
the graph (S U t) U (C - t) are the segments induced by C' 
in S U t plus the segment C - t (see Figure 11). Thus, if 
Cla te pDaSssSesetnhemtWOuplanawuryVerest s,s then (SoUmt)) Ue, CG —at) 
Loe planar seo inCen\Cezat ml tGum=mCUED 1S5eplanar jst he 
second test is trivially true. Thus the procedure only has 
to check for the existence of two segments of C' that 
interlace with C - t and with each other (the first 
planarity test). Since C - t interlaces with a segment if 
and only if that segment has at least one vertex of 
attachment. vy om t such that.v 4s or f, the segment C= t is 
embeddable (and § U C is planar) if and only if all segments 
of C' with vertices of attachment on t are embedded on the 
inside of C' or can be shifted (without overlap) to the 

ins iden ote Gin, 

The first planarity test on a segment S is by far the 
most interesting of the two tests and potentially the most 
Gueerciuit +o perform. lt 1s possible to’ efficiently 
determine which embedded segments interlace with S partly 
because of the order in which the segments are embedded (the 
order imposed by depth first traversal and the ordered 
adjacency lists of G). The order in which segments are 
embedded and the importance of that order are indicated in 


the following lemmas and theorem. 
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Figure 11. S UC 


Lemma 3.1.1 Let S and S' be segments of the same cycle C, 


Part 


LeteSsnmanger: sbe sthemstabteandllinish vertices 


respectively of S', and let s and f be the start and 


finish vertices respectively of S. 


(at) 


If S' is embedded before S, then s' 2 s. That is, 
segments of a cycle are embedded in nonincreasing 
order of their Start vertices. 


If s' = s, and f' < f, then S' is embedded before 


of Lemma 3.1.1 holds because G is traversed depth 
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first during the embedding process. Part (2) of the lemma 
holds because of the ordering of the adjacency lists of G 


and the depth first traversal of G. 


Lemma 3.1.2 For all segments of a cycle C with the same 
Start vertex and the same finish vertex, segments with 
only two vertices of attachment are embedded before 
segments with more than two vertices of attachment (see 
Figure 12). 

Proof: Let S and S' be two segments of a cycle C with the 
Same start vertex s and the same finish vertex f. 
Suppose that s and f are the only vertices of attachment 
of S and suppose that S' has at least one other vertex 
of attachment w. Let p be the leading path of S with 
(s, v) the first edge of p, and let p' be the leading 
path of S' with first edge (s, v'). The edges of G are 
sorted on their b values, and according to the 
definstione orp: 

P[(s, v)] = 2*LOWPT1(v) = 2*f 
and, since w is between s and ff, 
Disease eet GOW TV) rt oi = 2e fete - 
Therefore, (s, v) precedes (s, v') in G's ordered 
adjacency lists. Hence (s, v) is traversed before 


(s, v') and S is embedded before S'. 


vi! 
iS) 


S! 


Figure 12. S is embedded before S' 


Theorem 3.1.3 Let S and S' be two segments of a cycle C with 


SeecmbDeGded be LOLeso MLetasmbesthe sStart vertex of S and 
f be its finish vertex. Let w' be the highest vertex of 
attachmentwotaSes Lotawnuchewee<es.. Theny Seand.S ' 


interlace if and only if w' exists and f < w'. 


Proof: 


A. 


To prove the if statement, there are two cases to 
consider. 
Case 1. s' = s. (See Figure 13(a) and (b)) 
Since s' = s and Si is embedded before S, by Lemma 

Bol ilps LAMA LSOGe Sincere <1w , 1tsrollowsS thate.S, 
must have at least three vertices of attachment. 
a, ot f= ftpethen f' es in= Whese Seandathereforey S and 

S' interlace. 
b. wdtetidhv=sf. then, by Lemmaye aik2) S* must have .at 


least three vertices of attachment as well. 
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1) If S and S' have three vertices of attachment in 
common they interlace by Definition 3.1.6. 

2) If S and S' do not have three common vertices of 
attachment there exists a vertex of attachment w 
OfBSPwlthewe-esSeandewase Ware SINCeHWestuw eeithner 
themtoursverticesswitchrcyelic, order sf) aw eawe.S. 
Or chest ounevertucesmewith cyclic order fa ae 
w', S may be used depending on whether w > w' or 
w < w' respectively, demonstrating that the 
segments interlace. 

Casem2usie> is. (Seeshi gure a3 c)) 

From the hypothesis and this condition it follows 
that < wesc < sand ‘therefore’ S and S" interlace. 
The proof that S and S' interlace only if w' exists and 
£ < w' is accomplished through the proof of the 
contrapositive statement, that S and S' do not interlace 
His WemeGOeCSenot..cx1Sta Ome tercm wr. 

Case 1. If w' does not exist, then £' > s and the 
vertices of attachment of S occur on the cycle 
between the two consecutive vertices s' and f" of 
S'. Thus S and §' do not interlace (see 
Figure 13(d)). 

Case 2. If £ 2 w', let w" be a vertex of attachment of 
S' such that w" > w' and there is no vertex of 
attachment of S' between w' and w". By the 
Gafinition ole we ero. voOWwSmunate Ww aces ay 
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Figures. ceand Sis imterlace if sandvonly 2ifet <1 w 


Since all vertices of attachment of S are between f 
and s it follows that S and S' do not interlace. 
Thus, to determine if the segment S, for which the 

first planarity test is being performed, interlaces with an 
embedded segment S', only the start and finish vertices of S 
and the highest vertex of attachment w' of S' for which w' < 
Ss is required. Therefore, only the leading path of S has to 
be traversed before the first planarity test can be 


performed on S. 
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The embedding procedure must perform two other 
operations storia the first planarity test in addition to 
checking if S and any previously embedded segments 
interlace: 

(1) It must ensure that S and all segments interlacing with 
S do not overlap. This operation may require the 
shifting of segments from one side of C to the other. 

(2) It must determine all segments affected by a shift in 
(1) and must ensure that they lie on the correct side of 
C to maintain a planar embedding. 

To perform these two operations efficiently, the embedding 


procedure uses a data structure called a block. 


Definition 3.1.6 
Two segments of a cycle are said to interact if the 


embedding of one determines the embedding of the other. 


If the segments S and S' interlace, then they interact by 
the above definition. Also, if S interlaces with S', and S' 
interlaces with S", then S and S" interact, even though § 


does not incerlace withesi. 


Theorem 3.1.4 The relation interact is an equivalence 


relation over the set of embedded segments of a cycle C. 


De tan titst Ollie sco ln 
A block is an equivalence class of the relation 
interact over the set of embedded segments of a cycle. Each 


element of a block is a Segment. The segment is represented 
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by those vertices of attachment that are end vertices of 
back edges (all vertices of attachment except the start 


vertex) of the segment. 


A block has two important properties. 

1. Repositioning any segment represented in a block 
requires the repositioning of all segments represented 
in that block but does not affect any segment not in 
Ena teDlock, 

2. After the planarity tests are performed on a segment, 
and it is embedded, the segment becomes an element of a 


unique block. 


3.1.3 The Formation and Use of Blocks 

Blocks enable the embedding procedure to efficiently 
perform both planarity tests on a segment S. Initially, the 
leadingmpath p:\'S -->*) £ of S 1s traversed and the first 
planarity test is performed on S..If S interlaces with a 
segment S' represented ina block, then S interacts with all 
segments in that block. If S' must be shifted to embed S, 
then all other segments represented in that block must also 
be shifted. Most importantly though, shifting S' does not 
affect the position of any segment represented in a 
different block. Moreover, S fails the first planarity test 
if and only if S interlaces with two segments in the same 
block that interlace with each other. If S passes the first 


planarity test, then p is embedded in the plane on the 
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inside of C and a new block is formed which represents the 
union of the segment S and the blocks of segments that 
interact with S. 

If S is a nontrivial segment, then the second planarity 
test is performed. First, the planarity of S U t is checked. 
The leading path p and the set of edges t forma cycle C', 
with the edges of S U t - C forming the segments of C' which 
are embedded. A set of blocks is formed during the embedding 
of these segments. The blocks in this set are the 
equivalence classes of the relation interact for the 
embedded segments of C'. 

If S U t is planar, then the embedding procedure tests 
whether (S Ut) U (C - t) is planar. The procedure must 
determine whether all the segments of C' in S Ut with 
vertices of attachment on t, other than s and f, can be 
placed=OnuthewinsidesoLaC ws losaccomplish, this, each block 
of C' is checked for two interlacing segments with vertices 
of attachment v such that s > v > £. I£ two such segments 
are found, then S U C is nonplanar. 

Let B represent the stack of blocks formed during the 
embedding process and let b = [bx, bz] represent a block on 
B, where bx and bz are sets of vertices. Each element of bx 
is a vertex of attachment representing a segment embedded on 
the inside of a cycle. Similarly, each element of bz is a 
vertex of attachment representing a segment embedded on the 


outside of the same cycle. 
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If a segment represented in bx is shifted to the 
outside of the cycle, then all segments represented in bx 
must be shifted to the outside and all segments represented 
in bz must be shifted to the inside of the cycle. When a 
recurSive call is made to the embedding procedure to 
complete the embedding of a segment S, an end-of-stack 
marker is placed on top of the block stack to separate the 
blocks created for the segments of C' from the blocks 
created for the segments of C. The block just under the 


end-of-stack marker is the equivalence class for S on C. 


Definition 3.1.8 

eG Sa o> tte be anpatinaidelei ip is) S  so7 tele be the 
first path (traversed during the embedding process) having s 
as one of its vertices. The path p is called a normal path 
tf ite et andepy1Secalwedsamspecialypath afi <f' “= £. [£7 p is 


a special path, then p is said to be attached to p'. 


Notewthat li pliSea Special path attached to 5" then yp 
is a path in the segment S' with leading path p'. The path p 
is traversed during the testing of the planarity of S' Ut' 
and f is the finish vertex of some segment S" in S' Ut'. 
Normally f£ would be placed in the equivalence class for S", 
however, Since p is a special path, f is not placed in that 
block [Hop 74]. 

It is important to note that once the second planarity 
test is completed for a segment S all the vertices of 


attachment of S except (1) its finish vertex if its leading 
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path is special, and (2) its start vertex are placed in the 
equivalence class for S. 

Algorithm 3.1.3 outlines the steps involved in the 
first planarity test. The algorithm uses Theorem 3.1.3 to 
determine if the segment S being tested interlaces with any 
previously embedded segment. For the algorithm to use the 
theorem, vertices are deleted from the blocks so that the 
faraest vertex w' in each block is less than the start 
Vertex S OGes blocks@contaiming Only vertices w) =) stare 
deleted from B). The deletions occur when the vertex s is 
visited prior to the traversal of the leading path 


DiS + el eof S: 


Algorithm 3.1.3 (The First Planarity Test) 


1. Set b = [bx, bz] = [@, @], INTERLACE = true, and let 
DiS 4-*  febenthewleaging» path-~ofes: 
Pew Dem ctnestOpeb) OCkmb> sm) bx, bZe)] hOnmBalSeno tan 
end-of-stack marker) and INTERLACE do 
2.1 Let x be the largest vertex in bx' and let z be the 
largest vertex in bz'. Let S' be the segment 
represented by x and let S" be the segment 
represented by z, then S' and S" interlace. 
Comment: Test whether S is embeddable with respect to 
the segments in the block b'. 
Zee te ee Tans Zee Cele GrULN Pea ls fic 


Comment: S' and S" interlace with S by Theorem 
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and G is nonplanar. 
oe seehlise, ei fox -ateandeceset, then 
Comment: S and S' interlace but S and S" do not. 
Since S is to be embedded on the inside of C 
the segments represented in bx' are shifted 
to the outside of C and the segments 
represented in bz' are shifted to the 
inside. 
25 a ee OX Ze UmD XT 
Phe fa = Joye Ei deve (8) gepa, 
Ze ste Let Cum r ROME. 
DGS eC met tenes a ieande se tee Den 
Comment: S and S' do not interlace but S and §S" 
do. No shifting is required because with S 
embedded on the inside of C, S and S" will 
lie.on opposite sides of C. 
Zao eX 2 ee LX 
mie h Seba Ti jepya” AUP lepais 
2.4.59) CeLEte sb ac cones. 
2.5 Else, INTERLACE = false. 
Comment: x < f and z s f, so S does not interlace 
With, e1thereSsmorss NO Shifting: is 
required and no more segments interlace with 
So 
Comment: S can be embedded on the inside of C and the block 
b contains all available vertices of attachment for all 


segments interacting with S. 
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Byeeitspeissasnormalepath (not special)’, “then set 
Dee=T>esUCHE Tt? 
4, If S iS a nontrivial segment, then 
4.1 Place b on the block stack. 
4,2 Place an end-of-stack marker on top of b on B. 
5. Else, Comment: S is a trivial segment. 
Pie bez Ose Ol pthenemake sb the top block sonus. 


GeeeeReE CUED L RUE, 


If S is a nontrivial segment, then, after Algorithm 
o..o 2S pertormedpathesplanarity sof S U Cymust bes verified: 
Finstethesplanaritysot S U®t is*checked, requiring a 
recursive call to the embedding procedure. An end-of-stack 
marker (step 4.2 of Algorithm 3.1.3) is already on the block 
Stack for the call. 

Once the planarity of S U t is ascertained the 
Diedarityeote(S Uat) Us(Ceomt) e-GseUSC@isichecked.alt 
(S U t) U (C - t) is planar, then the topmost end-of-stack 
marker is removed from the block stack and all the vertices 
of attachment of S are placed in the block b' just under the 
marker (b' is the equivalence class for S). The verification 
of the Dlanarvtyeote(SsUsu)mUs( Cer at) Sandethesccllectuonsof 
the vertices of attachment of S into one block can be 
accomplished simultaneously because only vertices of S on t 
are required in both cases. Algorithm 3.1.4 performs the two 
operations. Before the algorithm is performed vertices v 2 5s 


are removed from the blocks above the topmost end-of-stack 
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marker. Blocks containing only vertices v 2 Ss are removed 
from B. Thus the blocks remaining on B above the topmost 
end-of-stack marker contain only vertices v on t such that 


GET goat. 


Algorithm 3.1.4 (Part (b) of the Second Planarity Test) 
treeeSe @ bea bx a bz eae ren | 
ZomeWwiTemtnestop blocks bae= Dim, BDZ ol ©OnwBelSanotbean 
end-of-stack marker do 
2.1 Let x' be the smallest vertex of bx' and let z' be 
the smallest vertex of bz'. 
Zee ts Xe eran. Ze Leen re CULT FALSE. 

Comment: S$ U C is nonplanar. That is, the two 
segments represented by x' and z' interlace 
withiCe= 2 andiwith eachother. 

Ate Se yy Pie XG wie aneaZue set ee nen 


Oeinoathis 


Ze ee Xe = DX Okan OL emt hate Dames 
case), 
Zio lee OLCLCMD melon e. 
2 ia LS en Gx iS Stand eZ eet eat hen 
2) be Xe abs, Uebxe note  bhatGabe = O6in ebh is 


case), 
Oot inte Colette cD Ae mGOnebis 
GComment:e 500 Celseplanarn. 
3. Delete the end-of-stack marker from B. 
Comment: Combine b with the top block b' of B (the block 


formed when the leading path p of S was embedded). 
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4, Set bx pet eu ebxe 


SA Re jepe Fol lepa” . 
6. Delete b' from B. 
Totti b 4e(O7 Ov eethenmsmakes beenestop block on 8B. 


8. Return TRUE. 


If the block formed by Algorithm 3.1.3 for S remains on 
B, then Algorithm 3.1.4 will successfully run to completion 


provided S UC is planar. 


3.1.4 A Correction to the Implementation of the Embedding 
Procedure 

In the PATHFINDER implementation of the embedding 
procedure [Hop 74], each block b is an ordered pair (x, y), 
where x and y are pointers to a vertex stack. The entries x 
and y point to the smallest vertex of attachment of the 
block representing a segment or segments embedded on the 
inside and outside of a cycle respectively. A zero placed on 
the vertex stack serves as the end-of-stack marker for the 
block stack. If there are no edges in the block on the 
inside (outside) of the cycle, then x (y) is assigned the 
value 0. However, a block (0, 0) is created if a segment is 
not constrained by any Segments previously embedded and the 
leading path of the segment is a Special path. Thus, the 
pair (0, 0) serves as the block for a segment. The erroneous 


code in Hopcroft and Tarjan's algorithm is 


58 


While (x, y) on B has 


GUSTAGK(xeemvi ors (x 0)) and 


CCSTACK Uy) may Orme y 


7) 
Oo 
~" 
— 


do delete (x, y) from B; 


This code allows the block (0, 0) for a segment S to be 
deleted from the block stack prior to the end of the 
recurSive call made to embed S, thus steps 4, 5, and 6 of 
Algorithm 3.1.4 will not execute correctly once S has been 
embedded. Since (0, 0) should not be deleted before the end 


of the recursive call correct code is: 


While (x, y) on B has 
(CCSTACK(x) 2 v) and 
(STACK(y) > v) ) or 


((STACK(x) = v) and 


(y = 0) i) elke 
CGx gam 0h) and 
(STACK Cy }iea.v) ) 


do delete (x, y) from B; 


3.2 A pq-tree Planarity Algorithm 

The pg-tree planarity algorithm from Booth and Lueker 
[Boo 76] is an O(n) version (in time and space, where 
e < 3n-6) of a vertex embedding algorithm from Lempel, Even, 
and Cederbaum [Lem 67]. It accepts as input a biconnected 


graph G. First, the vertices of G are given a special 


Shs) 


numbering, then the numbered vertices are visited in 


ascending order by an embedding procedure. 


3.2.1 An st-Numbering of G 
The first step of the planarity algorithm renumbers the 
vertices of the biconnected graph G using a special 


numbering, called an st-numbering. 


Definition 3.2.1 
An st-numbering is an integer valued function f£ defined 
on the vertices of G = (V, E), where |V| =n, as follows: 
(1) Take any edge (s, t) in G and let 
ree) ee LL Eat 
BCL) en 
COR) Wiese Bane Weweee VP we Wes) Es I ean 
(3) For any vertices v and w in V, if v # w, then f(v) # 
f(w). 
VAVEFOTMANYAVELLEXSY 10 eV aeituyver is or t, «there exist 
vertices u and w adjacent to v such that 


(Qi) << SRA os ee 


Lempel, Even, and Cederbaum [Lem 67] prove that an 
St-numbering can be obtained for any biconnected graph G. 
Even and Tarjan [Eve 76] developed a linear time (0(e)) 
algorithm for computing an st-numbering using depth first 
traversal. Given an edge (s,t) in G , a depth first spanning 
tree.of G is foundiwith  (tys) the first edge of the tree. 


The vertices of G are numbered in preorder from 1 to n, with 
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t receiving the number 1 and s receiving the number 2. In 
addition, for each vertex with preorder number v, the 
smallest preorder numbered vertex, LOW(v), reachable from v, 
is computed and all edges not in the depth first spanning 
tree are labelled as back edges. In the remainder of this 
section, the label v refers to the preorder number of a 
vertex and f(v) refers to the st-number of that vertex. 

A second depth first traversal of G is performed, to 
assign each vertex an st-number. First the vertices 1 and 2 
are marked "old" and placed on a vertex stack with vertex 2 
placed on top of vertex 1. Old vertices are vertices which 
are or were at one time on the vertex stack. Vertices which 
have never been on the stack are "new" vertices. The vertex 
Stack, during the course of the st-numbering procedure, 
contains vertices which have not been assigned st-numbers. 
The vertex 2 is the first vertex to receive an st-number and 
so receives the st-number 1. Every other vertex v of G is 
asSigned an st-number in the following way. When v reaches 
the top of the vertex stack, it 1S removed from the stack, 
and all unexplored paths from v to an old vertex u are 
traversed in an effort to obtain new vertices to add to the 
Stack. The paths traversed have the form p = 
(Ve Wikew clans ,Wkr ton WheTemkm@e-m0Peu 1 Seansoldgvertex, and. wil, 
W2, & sp wkeare?l Newevertaces elarst,. paths p = 
(v,w1,w2,...,wk,u) are explored where (v,w1) is a tree edge 
and u = LOW(w1) = LOW(w2) = ... = LOW(wk). The new vertices 


of p are marked old and added to the vertex stack in order 
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WK, Wk meen, eWilieeNectriparhs vp = (vi,wl,w2,..., pwky uy are 
explored where (v,w1) is a back edge and the remaining edges 
of p are tree edges on the tree path from v to wl. Again, 
the new vertices of p are marked old and added to the vertex 
Stackwine order wk, WkK-4 een Wile Arter allo pathsstrom vi are 
explored, v is assigned the next consecutive st-number. The 
process of path exploration is repeated for each top vertex 
on the vertex stack until the stack is empty. 

The paths explored on the st-numbering procedure have 
certain SSSR, Wie are essential to the correct 
assignment of an st-numbering f. Let p = (v,wil,...,wk,u) be 
any path explored by the st-numbering procedure, then 
GO) aoe Ceaes Ip Le=pat hl wee nacen Gm vere Ub 

Proof: 

(i) If (v,w1) is a tree edge, then u = LOW(w1) and 
u < v because G is biconnected and v is never 
vertex 1. 

Gist verw be tSmanbackseagere then (wk, U)) 1S ae tree 
edge and v # u because all tree edges from v are 
explored before any back edges are. 

(2) v and u of the path p are old vertices and all the other 
vertices of p are new. 

(3) The last vertex u of p has not been assigned an 
st-number at the time p is explored. 

Proof: Assume that the vertex u has already been 

assigned an st-number f(u). Then, the edge (u,wk) would 


already have been traversed and wk would not be a new 
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vertex, a contradiction. 


Theorem 3.2.1 The st-numbering procedure assigns an 


st-numbering f to the vertices of G. 


Proof: 


We 


All the vertices v of G receive an st-number f(v) 
because G is connected. 

Each vertex is assigned a unique number because a vertex 
is placed on the vertex stack only once (when its new). 
£(2) = 1 because 2 is the first vertex to receive an 
St-number. The preorder number of the vertex s is 2, 
thus vertex Ss receives st-number 1. 

fl) een 

Proof: If £(1) <n, then some vertices of G have not 
been on any paths explored before 1 reaches the top of 
the vertex stack. But, that would mean that 1 1s an 
arerculation pointe an G,eascontradiction. “Ther preorder 
number of the vertex t is 1, thus vertex t receives 
st-number n. 

For any vertex v # 2 or 1, there exist vertices u and w 
Boyacentecory such thatwi(ujucet (vy) o< f(w)s 

Proof: When v receives an st-number f(v), it is an old 
vertex. The vertex v becomes old when a path p is 
explored with v as an interior vertex. Thus v has 
vertices u and w on either side of it in the path such 
that w is placed on the vertex stack (or was on the 


vertex stack) before v, and u is placed on the stack 
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after v, or u is the vertex being assigned an st-number 
when p is explored. As a result, u is assigned an 
st-number f£(u) before v so f(u) < £(v), and w is 


assigned an st-number f(w) after v so f(v) < f(w). 


Once the vertices of G have been assigned st-numbers 

(see Figure 14), each vertex is relabelled using its 

St-number, and each edge is directed from its lower 

st-numbered vertex to its higher st-numbered vertex. If G is 

an st-numbered graph, let Vk be a subset of V with 

Vi=eei sie mcre ol. eK and eGK =i VK EK), where: EKeisetherser 

of all edges of G with both vertices in Vk [Eve 79]. If G is 

planar, then so is Gk. Let ~G be a planar embedding of G and 
let ~Gk be the induced planar embedding of Gk. The following 
are true: 

(1) The vertex with st-number 1 is the only source in the 

ante that is, it 1s the only vertex having no directed 

edges entering it. 

(2) The vertex with st-number n is the only sink in the 
graph, that is, it is the only vertex having no directed 
edges leaving it. 

(3) Gk is connected. 

(4) all the vertices and edges of G - Gk lie in one face of 
“Gk. 

Proof: All the vertices of G - Gk have st-numbers 
greater than k and there is only one sink vertex Nn in 


~G. Since G is connected and n is the only sink of G, 
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Figure 14. An st-numbering of a Graph 


there 1S a directed path between any vertex v in G - Gk 
and the vertex n. If the vertices of G - Gk lay in two 
or more faces of ~Gk there would be at least one edge 
crossing from one face of ~Gk to another face 
contradicting the fact that ~G is a planar embedding of 


(es 


3.2.2 The pq-tree Embedding Procedure 

Henceforth, assume that G is an st-numbered, directed 
graph and that the vertices of G are labelled with their 
st-numbers. The embedding procedure attempts to construct a 
planar embedding of G. First, vertex 1 is visited and all 
its incident edges (edges of the form (1,j) with j > 1) are 
placed in the plane. The edges, called virtual edges, are 
directed downwards (for expediency) from vertex 1. Vertex 1 
is a real vertex and all the vertices j > 1 in the plane are 


virtual vertices [Eve 79]. 
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Defi ntcrones .2.2 
A real vertex is a uniquely numbered vertex in the 


plane which has been visited by the embedding procedure. 


Definition 3.2.3 
A virtual vertex is a vertex in the plane which has not 
been visited by the embedding procedure. There may be many 


Virtual copies of the same vertex in the plane. 


Definition 3.2.4 

A virtual edge is an edge in the plane that has one 
real vertex and one virtual vertex as endpoints. A virtual 
edge becomes a real edge when the virtual vertex becomes 


real. 


After vertex 1 and all the edges emanating from it are 
placed in the plane, the procedure attempts to merge all 
virtual vertices numbered 2. The virtual copies of any 
vertex can be merged if they are adjacent or can be made 
adjacent on the periphery of the embedding. If the virtual 
copies cannot be made adjacent, then G is nonplanar and the 
procedure halts. If the virtual copies of vertex 2 are 
merged, then a single vertex 2 1S created and made real, the 
edges of the form (j,2) with j < 2, become real edges, and 
edges of the form (2,j) with j > 2, are added to the plane 
as virtual edges and directed upwards from 2 to j. The 
Merging process 1S repeatedutor vertex numbers) 4,00. ., 


n-1 (see Figure 15). If all the merging attempts are 
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(a) Vertices 1 and 2 (byimnVertexessis visited 
have been visited and made real 


Figure 15. Real and Virtual Vertices 


successful then G is planar. 

Let Wk be the set of all virtual vertices and let Fk be 
the set of all virtual edges lying in the plane after the 
creation of the real vertex numbered k, 1 < k < n-1. Vk and 
Gk as defined before correspond to the real portions of the 
embedding. Then 

Wk = {j: j is a virtual vertex in the embedding, 

“hee din Ele! 


Fk GiGi eke ie Sm nV) pe and 


jo>) ko (j 1S ineWk)}. 
Let ~BkK be the embedding in the plane after the creation of 
the real vertex numbered k. Then Bk = Gk U (Wk, Fk) and ~Bk 
is the planar embedding of Bk. If G is planar, then, by 
property 4 of the st-numbering, all vertices and edges of 
G - Gk are located in one face of any planar embedding of 
Gk. In particular, there is a planar embedding of Gk where 
the vertices and edges of G - Gk are in its outer face. If G 


is nonplanar, then for some k this will not be true. Now, 
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“BK contains a planar embedding of Gk where all the vertices 
and edges of G - Gk (represented by (Wk, Fk)) are in its 
outer face. If the virtual copies of a vertex k could not be 
made adjacent on the periphery of the embedding but were 
merged nevertheless, then all the vertices and edges of 

G - Gk would not lie in one face of the embedding of Gk 
implying that G is nonplanar. 

The embedding procedure uses a pq-tree data structure, 
developed by Booth [Boo 76], to achieve a linear run time 
for the embedding procedure. A pq-tree is comprised of three 
types of nodes: leaf-nodes, p-nodes, and q-nodes. The 
leaf-nodes represent the virtual edges and the p-nodes and 


q-nodes represent the real sections of the embedding. 


Definition 3.2.5 

1. A leaf-node is a terminal node in the tree. 

2. A p-node is an interior node that has at least two 
children. 

3. A q-node is an interior node that has at least three 


chi wvareny. 


The p-nodes and q-nodes are distinguished by ordering 
restriction imposed on their children and by the 
transformations allowed on their children. The children of a 
p-node are not ordered and any permutation of the children 
is permissible. The children of a q-node have a strict 
left-to-right order and only a reflection of that order is 


allowed. The children of a q-node are chained in a sibling 
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chain because of their ordering. The two children at either 

end of the chain are called endmost children, while the 

other children are referred to as interior children. 
The embedding ~Bk is represented by a pq-tree Tk as 
follows: 

1. The leaf-nodes of Tk are in one-to-one correspondence 
with the edges in Fk. 

2. A p-node in Tk represents either a real vertex in Gk or 
a connected component of Gk which has virtual edges 
emanating from at most two vertices. 

Soe acd anodemin Th erepresents asconnected component 1of Gk 
which has virtual edges emanating from three or more 


vertices. 


In the figures depicting pq-trees, a circle represents a 
p-node, a rectangle represents a q-node, a Square represents 
a leaf-node, and a triangle represents any type of node and 
the subtree below that node. The relationship between ~Bk 
and Tk is illustrated in Figure 16. Henceforth, the 
embedding procedure is described in terms of the pq-trees 
Tk. The corresponding embeddings ~BK are only mentioned when 
necessary. | 

Let Sk+1 be the set of leaf-nodes in Tk corresponding 


to the virtual edges in Fk with virtual vertex kt1. 


Bias Ths 
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Figure 16. Embeddings and the Corresponding pq-trees 
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Definition 3.2.6 


An element of Sk+?/ is called a pertinent leaf-node of 


194% 


Definition 3.2.7 
A pertinent node of TK is a node which has at least one 


pertinent leaf-node as a descendant. 


For example, in Figure 16(b) S4 = {(3,4), (1,4)}, the 
leaf-nodes (3,4), and (1,4) are pertinent leaf-nodes in T3, 
anosthe nodes (374) ,~Ci=4) eEsiee[2 3], and*[t]¥are the 
pertinent nodes of T3. 

There is one modification operation M(T,x) that is 
performed on a node x and its children in the pq-tree T. 
M(T,x) is performed in two parts. 

(1) An attempt is made to match x and its children toa 
template pattern. 
(2) =@rtwasmatch 1s found, tnensxeand its=children*are 


modified using a corresponding template replacement. 


The possible template patterns and their corresponding 
template replacements are described in Booth and Lueker 
BBOOs/ Gi). 

beeGeis planar, thenwror ach witeration kt" Of «the 
embedding: procedure, Ku= Bi cya. lo2,) (Vertex aki OlgG 11s 
visited) either all the pertinent leaf-nodes of TK are next 
to each other on its periphery, or Tk can be transformed by 


modification operations, so that all the pertinent 
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leaf-nodes are adjacent (see Figure 17(a)). If G is 
nonplanar, then during some iteration of the procedure there 
is always at least one nonpertinent leaf-node between two 
pertinent leaf-nodes (see Figure 17(b)) regardless of the 
transformations applied to Tk. 

Thus merging virtual vertices numbered k+1 in Bk is 
possible only if the nodes of Sk+7? can be next to each other 
on the periphery of Tk. Note that a nonpertinent leaf-node 
lying between two pertinent leaf-nodes represents a possible 
cross-over of edges in an embedding of G. If the pq-tree can 
be transformed to eliminate these possible cross-overs and 
no new cross-overs are formed, then G may be planar. If it 
Pemniots OSs ible etowe liminatesa! jathesCCOSS(OVeLS,— ChenymDy, 
property 4 of the st-numbering, a planar embedding of G 
cannot be constructed. 

Note that if the vertices of G do not have an 
St-numbering, then the inability to eliminate all possible 
cross-overs would not necessarily mean that G is nonplanar 
as will be shown in section 4.4.2. An st-numbering of the 
vertices of G also means that as each vertex k+1 is visited, 
For consecutive values solek eSKtieerO*ethat ais, there as at 
least one virtual vertex numbered k+1 in BK and Bkt? is 
CONNECLEO UM TNEbeLOLre at Otel Lak ales SheeSonN- 20 Kt eel Gea 
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4) 4,3) (1,4) (4,3) 
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By permuting the leaf-nodes of [2], the leaf-nodes (1,3) 
and (2,3) can be made adjacent. 


(a) A Transformation of a pq-tree 


4,8) (1,7) 
(2,8) (3,7) (4,9) 


No allowable transformations of the pq-tree will make 
the leaf-node (1,7) adjacent to the leaf-node (3,7). 


(b) G is nonplanar 


Figure 17. Leaf-nodes that can and cannot be made adjacent 
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Definition 3.2.8 

The minimal pertinent subtree, Pk, of the pq-tree Tk is 
the smallest subtree of Tk such that Pk is made up of only 
pertinent nodes and all pertinent leaf-nodes of Tk are 


leaf-nodes of Pk. 


On the k+1'st iteration of the embedding procedure the 
attempt to make the nodes of Sk+7 adjacent on the periphery 
of TK involves two passes through Tk. A first pass, a bubble 
pass, is performed to identify the minimal subtree Pk of Tk 
and, during the second pass, a reduction pass, the nodes of 
PK are traversed and a modification operation is performed 
on each traversed node in an attempt to make all the 
pertinent leaf-nodes of Tk adjacent. 

The bubble pass, for the k+i'st iteration, is performed 
by traversing nodes of Tk from the pertinent leaf-nodes up. 
Only nodes known to be in Pk are traversed during this pass. 
The traversed nodes are classified into two types, blocked 
nodes, and unblocked nodes. A node is classified as blocked 
LimiCmiopalpiInterlorn ChilLOnOtmawg-ncde angeboOthworm its 
adjacent siblings are blocked or have not been traversed. It 
is classified as unblocked otherwise (if its parent is a 
Daiode Olelt 1Sansencdmostechildnsotea Gq-node, sOlettsis san 
interior child of a q-node with an unblocked adjacent 
Sibling) (see Figure 18). A blocked node becomes unblocked 


if one of its adjacent siblings becomes unblocked. 
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(a) Blocked Nodes (b) Unblocked Nodes 


Figure 18. Blocked and Unblocked Nodes 


Derinitvonese2. 9 
A block of nodes is a maximum chain of adjacent blocked 


Siblings. 


A node must be identified as part of Pk before it can 
be traversed. Ail the pertinent leaf-nodes are part of Pk. A 
p-node or a q-node is part of Pk if it is the parent of an 
unblocked node. When the root of Pk is identified then the 
bubble pass halts. 

Following the bubble pass, the nodes of TK can be 
grouped as illustrated in Figure 19. The node rt in 
Figures 9@s sathesrootroteTK se bil), b2) *°., bh are blockstot 
Tk, where h 2 0. Let RbDi be the set of pertinent leaf-nodes 
whose ancestors are the blocked nodes in bi, 1 = 1, 2, ..., 
hymand, let. Ru?=| Sk+t/@—8 (ROIMUS?.% UPROh)..eRopistthetset lot 
pertinent leaf-nodes whose ancestors are only unblocked 
nodesSpredte |Rivin=30 andthmemeymor Re |S >s0fandahs2 1, (then G 
is nonplanar and the embedding procedure halts. The presence 


of a block bi, i > 0, indicates that there are pertinent 
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Figure 19. The Form of Tk after a bubble pass 


leaf-nodes which are surrounded by nonpertinent leaf-nodes. 
If there exist pertinent leaf-nodes other than those in RDI, 
then all the pertinent leaf-nodes cannot be made adjacent, 
so G is nonplanar. If h = 0, or h = 1 and |Ru| = 0, then the 
reduction pass is performed. 

The reduction pass iS an attempt to reduce Tk to a tree 
in which all the pertinent leaf-nodes are adjacent. Let m be 
the number of nodes in Pk. The reduction pass involves a 
bottom up traversal of Pk. A node is traversed only if all 
of its pertinent children have been traversed. The pertinent 
leaf-nodes are traversed first. Let xi, 1 < 1S m, be the 
i'th node traversed in Pk. The reduction of Tk is performed 
by creating a succession of trees Tk(O), Tk(1), Tk(2), 
TkK(3), ..., Tk(m), where Tk(O) = Tk and each tree Tk(j) is 
the tree formed by the modification operation M(TK(i-17),x/) 
performed when xi is traversed, for 1< i1<m. 

Let Rxi be the set of pertinent leaf-nodes in the 


subtree below xi. The operation M(TkK(ji-7),xi), while 
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maintaining the ordering restrictions x/ imposes on its 
children, permutes the leaf-nodes below xi in an attempt to 
make the leaf-nodes of Rxi adjacent. If no template pattern 
is found which accomplishes this, then the graph G is 
nonplanar. If all the nodes in Pk are visited and matched to 
a template pattern, then all the pertinent leaf-nodes of Tk 
are adjacent in Tk(m). Figure 20 illustrates the 
EransrOrmations hom Tomtosls( 5) stor the graph KG, 3). The 


shaded square nodes in Figure 20 are pertinent leaf-nodes. 


Defanitnronis .2.10 

During the reduction pass, a node is labelled as full 
if either 

a. the node is a pertinent leaf-node, or 


bea llot) Eherchildren of the node ares full nodes. 


In Tk(m) either all the pertinent leaf-nodes are descendants 
of one full node, or all the pertinent leaf-nodes are 
descendants of adjacent full nodes having the same parent. 
The full nodes of Tk(m) are replaced by a single p-node 
representing the real vertex numbered k+1. Then, leaf-nodes 
representing edges directed from vertex k+1 to a higher 
numbered vertex are made children of the new p-node. The 
resulting tree is Tkt?. 

The complete embedding procedure is shown in Algorithm 
3.2.1. The algorithm accepts as input a biconnected, 
st-numbered graph G and returns the value TRUE if G is 


planar, FALSE otherwise. 
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Eeat-nodes in S4e= "7 (sr4) (1,4) 3 must be made 
adjacent. 


Figure 20. Transforming T3 
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Algorithm 3.2.1 (The pq-tree Embedding Procedure) 


ihe 


Form T7 by creating a p-node representing vertex 1 of G. 

For each edge emanating from vertex 1 create a leaf-node 

to represent that edge and make the leaf-node a child of 

the p-node. 

PORK sale 2). a ak es Lore) 

2.1 Set Skt? = {all leaf-nodes representing edges with 
virtual vertex kt+1}. 

Comment: Merge all virtual vertices labelled k+1 by 
making all pertinent leaf-nodes of Tk adjacent. 

2.2 Perform a bubble pass on Tk. Let h be the number of 
blocks in Tk, and let Ru be the set of pertinent 
leaf-nodes whose ancestors are all unblocked nodes. 

meee ea 2)) eo oe eee mone a Ringe OD), gcneneere turn 
FALSE. 

Comment: The pertinent leaf-nodes of Tk cannot be 
made adjacent hence G is nonplanar. 

Comment: Otherwise, perform a reduction pass on Tk 

using Pk. 

2.4 Let m be the number of nodes in Pk. 

Come sete TK OJ G= alk, 

aS Alene FEMS A ra Gf ih Tole) 

2.6.1 let xi be the i'th node of PK traversed, 

Comment: Perform M(TK(ji-1), xi). 

2.6.2 compare each template pattern with x/ and 
its childrensuntrle a match is@round or all 


the patterns are exhausted, 
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2.6.3 i1f9a matcherseround, then modify xj and its 
children using the corresponding template 
replacement, creating Tk(i), 

2.6.4 else, return FALSE. 

2.7 Replace all full nodes in Tk(m) with a p-node 
representing the real vertex numbered kt+1. 

2.8 For each edge (k+1,j), where j > k+1, create a 
leaf-node representing the edge and make the 
leaf-node a child of the p-node created for the 
real vertex numbered k+1. The tree Tk+? is formed. 


3. Return TRUE. Comment: G is planar. 


Some minor bookkeeping operations have been omitted 
from the procedure which are worthy of mention. In 
palercularnemesteDec. 6 SOA GOL LUNN es. 2. meric udes alCneck 
that Tk+7 1S a proper pq-tree. A pq-tree is proper if the 
p-nodes and q-nodes of the tree have the properties of 
DEhimitiOnees.c. Oo. NatwiS ~ranyenocestnhat hasioniy one chiga 
is deleted from the tree and any q-node with only two 
children is replaced by a p-node. These operations ensure 
that the trees Tk, for 1s k $ n-1, are aS compact as 
possible and that the difference between p-nodes and q-nodes 


1S maintained. 


Chapter 4 


Edge Partitioning Algorithms 


Edge partitioning algorithms separate the set of edges 
E of a graph G = (V, E) into k disjoint, nonempty subsets 
E(H/), 1 < i s k. The algorithms studied in this chapter 
produce a planar partition Brace Edge partitioning 
algorithms are examined because of their potential use as 
heuristic algorithms for determining a minimal planar 
Partition of a graph. 

The three algorithms described in this chapter are new. 
The algorithms are (1) a Spanning Tree Edge Partitioning 
(STEP) algorithm, (2) a Path Finding Edge Partitioning 
(PFEP) algorithm, and (3) a pq-tree Edge Partitioning (PQEP) 
algorithm. | 

Previous work on edge partitioning algorithms includes 
an algorithm from Fisher and Wing [Fis 66]. They present a 
planarity algorithm and discuss its modification to form an 
algorithm which identifies a planar subgraph of a graph. The 
planarity algorithm uses the incidence matrix of a graph as 
the main data structure. It operates on the same principle 
as the path finding algorithm described in section 3.1; it 
finds a cycle C in the graph G, decomposes G into C and the 
segments induced by C, and then determines the planarity of 
G by attempting to embed each segment in a plane. 

The segment embedding proceeds as follows. First, ‘the 


segments are partitioned into sets. One arbitrary segment is 
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placed in the set BO while the other segments of C are 

placed in a set R of segments remaining to be partitioned. 

For i2 1, Bi is the set of all segments that interlace with 

Bi-? and Bi is formed as follows: 

1. Bi iS initialized to the empty set @. 

2. Rtemp is initialized to @, where Rtemp is the set of 
segments that could not be placed in Bj. 

3. For each segment S in R do 
3.1- If S interlaces with at least one segment in Bi-7 

and S does not interlace with any segment already 
in Bi; sthentplacegSein Bi. 

3.2 If S interlaces with a segment in Bi-7? and S 
interlaces with a segment in Bi, then the 
partitioning procedure fails. Declare G nonplanar 
and halt. 

3.3 If S does not interlace with any segment in Bi-]7, 
then place § in Rtemp. 

4. If Bi = @ (no segment in R interlaces with any segment 
in Bi-7), then start a new series BO’, Bi’, ... with an 
atubatraryeseqnentsoleRee-ektempsplacedyingsO™. 

5. If Rtemp = @, then the partitioning procedure has 
succeeded in partitioning the segments of C. 


6. Else, R = Rtemp and repeat the process from step 1 for 
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It iS interesting to note that each series 
CEO Scie), (BOGE pEerewe AnGESOON, @iSeequivadent to 
a block in the path finding algorithm. In the embedding of 
G, the segment in BO is embedded on the inside of the cycle 
C and the segments in B/, 1 2 1, are embedded on the 
opposite side of C from the segments in Bi-?. 

If the partitioning procedure succeeds, then, for each 
Segment S, the planarity of (S UC) is checked. If § 
comprises (1) a single edge or (2) multiple edges going to a 
Single vertex not on C, then S UC is planar and the segment 
does not have to be decomposed [Fis 66]. If, on the other 
hand, S is made up of (3) a connected subgraph (more than 
one vertex) plus the edges attached to C, then the planarity 
OreSwueCamust bélchecked. This 1s done by finding a cycle C' 
in SeueGe(G"G# C)Band partitioningseach of the ‘segments in 
S U C induced by C'. The decomposition process stops when 
all the segments induced by a cycle are of type (1) or (2) 
above. 

The modified algorithm, to find a planar subgraph of a 
nonplanar graph, proceeds as follows: If the partitioning 
procedure fails when trying to place a segment S into a set 
Bij, then S has edges removed from it (edges incident with a 
vertex of C) one at a time, until the remaining segment S' 
no longer interlaces with a segment in Bij and S' still 
interlaces with a segment in Bji-7?. Then S' is placed in Bi. 
During the edge deletion process, if S' ceases to interlace 


with any segment in Bi-7?, then the deletion process stops 
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and S' is placed in Rtemp. 

The test performed on the modified algorithm in 
[Fis 66] using the graph K9 does not indicate how well the 
algorithm performs. The modified algorithm is not deemed to 
be worth further attention because it operates on the same 
principle as the path finding algorithm described in section 


3.1 which is a more efficient algorithm. 


4.1 The Spanning Tree Edge Partitioning Algorithm 
The Spanning Tree Edge Partitioning (STEP) algorithm 
produces a planar partition for a graph G = (V, E) as shown 


mALgorithm 4.1.1. 


Algorithm 4.1.1 (STEP) 
leeSetej =) 10, VCH) B= av 3 and (Hh) = on. 
2. While H is nonplanar do 
Phen § ENS GS) Ey a. as Shy, getetsh ey, eS 1Glee oe 
CecmeeSe tc DE=nG)., 
Comment: Construct a planar subgraph Hj of H. 
2.3 For each connected component C/ of H, 
T= Saou te eee O 


Me Sia CO setode ols! 


a spanning tree of Ci. 

Ze DLC LAS R= CVE Wolmey ew) S Bale Oe .OT sO jer rit, 

Beso Whvlem (Sara) manuel (Ps Ses C 1a mao mido 
2.3.3.1 Set S = S - {(v,w)} for some edge 

(Va Wi) made Ss 
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2.0 se selecmesenonplanar, then B(P)e= EXE) 
—Saivewost anagebDe= Dele. (vaw) ys 
20 She te Saez ee Ore ChensDeaepDeullS: 
22h eSCLRE (Hyman n iH /jm URE (i) 
222 mset E(H)geaD: 
SoeeSctan =e jen See vViGHy)=—7 V4 and B(HY) SE (Hoi 
A eethemsete thie Hos te eeeho leisrarplanar@ partition of SG, 


where q = j. 


The STEP algorithm creates a depth first Spanning tree 
and determines the planarity of a graph using the corrected 
version of the path finding planarity algorithm from Chapter 


bh 


4.1.1 The Correctness of Algorithm 4.1.1 (STEP) 

Theorem 4.1.1 Each subgraph Hj in the partition 
{Hippo ee Ho} constructed by Algorithm 4.4.51 (STEP) 
is planar. 

Proof: For each subgraph F of a connected component 
Cimot Hh, an edge is added to Feonly if the resulting 
subgraph is planar. Thus F is alway planar. Since each 
Subgraph Hj is the union of the planar subgraphs F of 


the connected components of H, each Hj is planar, for 


Je-egeid iS obvicuslye plana. 
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4.1.2 Analysis of Time Complexity 
If G is planar then the time complexity of the STEP 
algorithm is equal to the time complexity of the algorithm 

used to determine the planarity of G, which is O(n). 

If G is nonplanar then the time complextiy of the STEP 
algorithm is as follows: 

1. Constructing the first planar subgraph requires testing 
at most e-n+1 edges in step 2.3. For each edge tested, 
O(n) time is required to determine the planarity of F. 
Thus the time complexity is at most O(ne) to construct 
the first subgraph of G. 

2. For each planar subgraph Hj constructed (except the last 
when the graph is planar) the time complexity is 
O(nj*ej), where nj is the number of vertices and ej the 
number of edges in Hj, and O(nj*ej) is O(ne) in the 
WOLSL case. 

3. Since there are q subgraphs in the partition, and q is 
O(n), an upper bound on the time complexity is 0(n’e) 


(ormeilin®)Gfonkenofl sizeu0in-))% 


4.1.3 The STEP Algorithm Summary 

The Spanning Tree Edge Partitioning (STEP) algorithm 
Separates the set of edges of a graph G into disjoint 
subsets producing a planar partition of G. Each subgraph in 
the partition is formed by adding edges to an initial 
Spanning tree (or spanning forest if the graph is not 


connected). Each subgraph is planar by Theorem 4.1.1. In 
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addition, each subgraph Hj is maximally planar in the sense 
that any edge of H - Hj added to Hj would result ina 
nonplanar subgraph. An upper bound on the time complextiy of 


the STEP algorithm is 0(n?e). 


4.2 The Path Finding Edge Partitioning Algorithm 

The Path Finding Edge Partitioning (PFEP) Algorithm, 
42 produces a planar partition of a graph G = (Vv, (8) 
using a modified version of the path finding algorithm 
described in section 3.1. The algorithm produces a planar 
subgraph of the set of edges remaining to be partitioned and 
this 1S done repeatedly until all the edges of G are 


partitioned. 


Algorithm 4.2.1 (PFEP) 
WameSetej @=80,-8V(H)) =8V fandi eb (H)s=o8. 
2. While E(H) # @ do 
2m Sete) a=") peel PandeHye—= (Vio); 
Comment: Construct a planar subgraph Hj of H. 
2.2 For each biconnected component Bi of H, 
TOES E2 Ot. a LO 
22 nel NDpUte By] BtOmagplanat @graph COnStructObetnal 
outputs a planar subgraph Bi’ of Bi (if Bi 
is planar then Bf’ = Bj) and a set of edges 
D] 96 (BS enCE for 
2E272 WE CHS) = (Hy RUSE Bo), 
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3.) The set fH] — HOpMaweeric ts 1 Seasplanar spantition bof tG; 


where gq = j. 


4.2.1 The Planar Graph Constructor 

the planaregraphaconstnructonein step 222.51 %0fmAlgorithm 
4.2.1 is a modified version of the path finding planarity 
algorithm described in section 3.1. The modifications to the 
planarity algorithm cause edges to be deleted from the input 
graph whenever the graph is determined to oe nonplanar. 

Let G be the graph input to sie planar graph 
constructor and let C be the initial cycle of G traversed by 
the modified embedding procedure. The modified procedure 
maintains, for each vertex ina block, a list of all the 
back edges represented by that vertex. A vertex x ina block 
represents the back edge (v,x) of a path p in a segment and 
also represents the back edges of all the special paths 
attached to p. 

The modified procedure performs the first planarity 
test on a segment S of C in two parts. First, without 
actually shifting any previously embedded segments, it 
determines whether S is embeddable. Secondly, if S is 
embeddable, then it shifts segments and forms the block b 
for S. If S is not embeddable, then it deletes all the back 
edges from the segment so that the remaining edges of S can 
be embedded. Note that the deletion of edges from S$ during 
the planarity test of S U t is handled recursively and 


separate processing is not required. 


88 


If S UC is determined to be nonplanar during part(b) 
of the second planarity test, then back seraess are again 
deleted from S. S U C is determined to be nonplanar whenever 
SeOLOCKe Dasa DX) ebZie me GmEOUnOeWhiche contains minterlacing 
segments with vertices of attachment on t (see Figure 21). 
The back edges chosen for deletion from S are all those back 
edges from either: 

te tvs X) cee Om LID Xero nOe Xe EEOLeSeNt Se vex enor 


Zev, 2): Zelsminebzmmandez represents vz) ite 


The choice is made so that the fewest edges are deleted. 
After the back edges have been deleted from S the procedure 
eontinues with’ Ghemplanarieysstest, of SmuUlG: 

The two algorithms of the modified embedding procedure 


are given below. 


Algorithm 4.2.2 (The First Planarity Test) 
1. Set INTERLACE = true, EMBEDDABLE = true, and let 
Diu S tae teil belither leading pathy ofes. 
Zee Wh lemiGgtne tOpebuock mp m=sthbx', -bz!’ ] on Bis not an 
end-of-stack marker) and EMBEDDABLE and INTERLACE do 
2.1 Let x be the largest vertex in bx' and let z be the 
largest vertex in bz'. 
Comment: Test whether S is embeddable with respect to 
the segments in the block b': 
Dy Oe itm k te and) 2 eacemeLnenmEMBEDDABLE = "talse. 
Comment: S' and S" interlace with S, and S is not 


embeddable. 
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The back edge (v,w) will be deleted and S' shifted 
EOQUCNe. mnSidemortwc. 


Figure 21. Deleting a Back Edge 
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remove the top block from B and Save it. 

Comment: There may still be more constraints on S. 
2.4 Else, INTERLACE = false. 

Comment: x < f and z < £ so S does not interlace 

with either S' or S" and S is embeddable. 

Restore the blocks deleted from B during step 2. 
If (7EMBEDDABLE), then delete all the back edges from §S 
and embed all the tree eagesmon (S. 
Else, Comment: S is embeddable. 
5.1) Set) -INTERLACE.= Urue. onde bd s=5lbx, oaea (O20 | 
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end-of-stack marker) and INTERLACE do 
5.2.1 Let x be the largest vertex in bx' and let z 
be the largest vertex in bz’. 
52.2) biexeetandece-.1, then 
Botan tah, tebe Ge ley4 WR Bep.gs 
Sir; Pe Nebd cy lepe’ | 108 BeyA- 
SUZ Ce Le Cem UNeGm; ODED LOCK ft hoOmep. 
SPS  HUCYS. Sir oe GS te Eievel Ae ee eletaie 
Sin Pay oes || lope cap Jape AOL Jepe- 
Bw Mocs evs ae eps) Alp jer4 
Site yo ome letes thes topr blocker nromes. 
5.2.4 Else, INTERLACE = false. 
Comment: x°= £ and z Ss f and’ no more 
segments interlace with S. 

Comment: p is embedded on the inside of C and the block 
b contains all vertices of attachment for all 
segments S' interacting with S. 

Seen ee 1S eae mOLMma  epabh st nen 
Bis lee DxXe =a Dxp Um UG DE 
Biic.i2) MBE Dp) eu vetoes whene (¥,f£) aSethe sback 

edge Of prand@eBe (p)mis thes list rot aback 
edges represented by the vertex f. 

5.4 Else, Comment: p is a special path. 

5.4.1 let p* berthe normal path to which) p is 
attached, 
bd? @ BE pe) a= BE Om mUeet Vet) ity Wie roe Vit) ars 


the back edge of p. 


on 


5.5 If S is a nontrivial segment, then 
Davai DlaGespLOnmenemolockistacks 
Doe —DlacemaneenadsOorsotack«marker@onatop sorb on 
the stack. 
5.6 Else, Comment: S is a trivial segment. 
ESD + (0,40) thentmakesb the*top block jones, 


Return TRUE. 


Algorithm 4.2.3 (Part (b) of the Second Planarity Test) 


i 


Setebe=—sibe bz =e Oa |e wand dr=10,ewheremqawid ibe 

the set of edges deleted from S. 

Who besthe topsblocks b= [ibxves bz Jeon iBaisenotean 

end-of-stack marker do 

2.1 Let x' be the smallest vertex of bx' and let z' be 
the smallest vertex of bz'. 

Ci mee exae  f OnOeZ eee tL nen 

Comment: S U C is nonplanar. 

2.2.1 Let dx' be the set of back edges represented 
by the vertices in bx' and let dz' be the 
set of back edges represented by the 
VeLtlcCeca Depaul. 
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Coon mLsep 1 hexGoe oie andgae =f >hthen 
2,36) EDX@ =m DxXwmUMDXeu note that bz?’ = (@"inethis 
case), 
Coo. 2) SOCCLELGuDimee VOMmbr 
CO See OL SC ert ex Swe nOeZuee et then 
204. 1 DXe =) DzemUsDxmecnote. that bx? e=_0ninethis 
case), 
2.4.2 delete b' Erom Br 
3. Delete the end-of-stack marker from B. 
Comment: Combine b with the top block b' of B (the block 
formed when the leading path p of S was embedded). 
ig, HENS debe oe depas Leh ep er, 
Seo C CeO zee Zia, 
6. Delete b' Feat B. 
dou Uiebas (O) OO} thenemaketbethe top bloekton= By 


8. Return TRUE. 


4.2.2 The Correctness of Algorithm 4.2.1 (PFEP) 

In the following discussion let G be the graph input to 
the planameqraphe constructor, Perucebesthesinitial scyclesor 
G traversed by the modified embedding procedure, and let C 
have m segments S7, S2, ..., Sm, where Sk is the k'th 
segment of C tested for embeddability. Let dk be the set of 
edges deleted from Sk, let Sk’ be the portion of Sk 
embedded, and let Gk be the portion of G embedded after the 
first k segments of C are tested, that is, GO = C, Gi = S71’ 
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subgraph Gm is the graph output by the planar graph 
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Lemma 4.2.1 If the segment Si, 1 $ 1S m, interlaces with 
a previously embedded segment Sj’, j < i, then Algorithm 
4.2.2 will detect the interlace. 

Proof: Let Si be the segment which is to embedded and 
let si be its start vertex. The blocks of B checked in 
Algorithm 4.2.2 only contain vertices of attachment w 
representing back edges still in the graph such that w < 
si. Therefore, Theorem 3.1.3 still applies to S/ so the 
algorithm can correctly determine if S/ interlaces with 


any previously embedded segments. 


Lemma 4.2.2 If two segments Si! And ESHameOfeGaintenlace: 

j < i, and Si’ is embedded on the inside of C, then 
there is a block b = [bx, bz] on B that represents the 
interaction, and Sj’ is represented in bz. 

Proof: Since j < i, Sj’ is embedded first, and is 
represented in some block b' on B. After the leading 
Dathepensy—--* tf Of Si@rsecgenecratedsAlgonithm 42262 y1s 
performed. By Lemma 4.2.1 above, all segments Sj’ that 
interlace with Sj are determined. If Si’ and Sj’ 
interlace, then Sj/28U twisenet a tree.sTherefore, Si) 
must have passed the first planarity test with p 
embedded on the inside of C and each segment Sj’ 
interlacing with Si embedded on the outside of C and 


represented in a single block b. The segment Si’ 


e 
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resulting from the deletion of edges from Si will not 
interlace with any segment that did not interlace with 
Si. Therefore, the block b (or some block containing b) 
represents the interaction between Si’ and the segments 
with which it interlaces and if Si’ is embedded on the 
inside of C, then any interlacing segments are embedded 


Gnmehewoursidesopuc. 


Lemma 4.2.3 If a segment S/, 1 < i<m, passes the first 


planarity test, then S/ can be embedded so that it does 
not overlap with any Segment Sj’ of C, j < 1, and so 


that the segments Sj’ do not overlap. 


Proof: If any segment S/ interlaces with two segments that 


interlace with each other, then from Lemma 4.2.1 and 
Lemma 4.2.2, it follows that the interaction will be 
detected. Therefore, if Si passes the first planarity 
test, then Si can be embedded with respect to the 


segments previously embedded. 


Lemma 4.2.4 Given a nontrivial segment S, assume that the 


subgraph S° U t (S° a subgraph of S) returned from the 
recursive call to the embedding procedure is planar. If 
d is the set of back edges deleted from S° in 


ARiGorntnm 4.205; meCnen mC mm mUNGULS  Dlanal, 


Proot- monseach block D> e=slbx sbz letormed during ethe 


recurSive call to embed S°, either C - t can be embedded 
with the segments represented in b' or C - t interlaces 


with at least one segment S' represented in bx' and at 
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least one segment S" represented in bz'. Removing all 
the back edges represented in bx' or bz' means that 
C - t no longer interlaces with the affected segments 
and that the segments remaining in b' that interlace 


With) C — to domnotwinterlace with eachsother -sance 
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Algorithm 4.2.3 operates on all the blocks formed during 


the recursive call, C - t can be embedded with respect 
to all the segments in (S° - d) Ut, which means that 


(Sod) 10, Car sa oltara re 


Theorem 4.2.5 For any graph G input to the planar graph 


constructor, the subgraph Gm output by the constructor 


USeplanal. 


Proof: To show that Gm is planar it is shown that each 


SuUDCEADI Ginn Ul Asem Seplanate. 

BOrmie=m 0 GO =" Cawhi chan smplanar. 

ASSUMem Na telOn idl etek Gis S Dlanam, 

Consider Gk. Gk-7 is planar by II. To show that Gk is 


planar, we must show that the two planarity tests hold 


for Sk’. There are two cases to consider, either dk = @, 


eye voles Cl (0) 


(1) If dk = @, then Sk passed both planarity tests so 


it follows from Lemma 4.2.3 and Lemma 4.2.4 that Gk 


is planar. 
(2) If dk # @, then there are a number of subcases to 
consider: 


(ea) If edges are deleted from Sk during the 
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first planarity test, then all the back 
edges of Sk are deleted leaving a segment 
Sk’ which is composed of all the tree edges 
of Sk. Since Sk’ U t is a tree, Gk = 

Gk-7 U Sk’ is planar. Since Sk’ does not 
interlace with any previously embedded 
segments and will not interlace with any 
segments yet to be embedded, the blocks 
currently on the block stack are correct and 
no new block is required. 

(S913) Testing the planarity of Sk U t requires a 
recursive call to the modified embedding 
procedure with SK U t aS input. Assume for 
the moment that the subgraph Sk° U t (the 
subgraph returned from the recursive call) 
is planar. 

(Gi) eiWhen#thesplananityec th. (SkomUSteRUA (Ge ftimas 
tested, let d be the set of back edges 
deleted from Sk°, then, by Lemma 4.2.4, 
(SK@i-SdBUEC) Siseplanart = LetaSk’ B=8Sk°ea=ed. 
Since Lemma “43203: holds for Sk and Sk”) it 
follows that Sk’ passes the two planarity 
tests so Gk is planar. 

For part (ii), notice that at the lowest level of 

recursion, all the segments are trivial and only 

(i) or (iii) occurs, hence the subgraph returned 


from the lowest recursive call is planar and part 
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(ii) follows. Therefore, Gk is planar. 

From the preceding, it follows that Gi is planar, 
for 0 < i < m. Therefore, the subgraph Gm output from 
the planar graph constructor in step 2.2.1 of Algorithm 


Acta nSaplranarn. 


Theorem 4.2.6 Each subgraph Hj of the partition 
tipo et. HO meCONSEDUCTEC (by Al gorntenmea 2 ai PEP) 
is planar. 

Proof: Each subgraph Bi’ constructed in step 2.2.1 
of Algorithm 4.2.1 is planar by Theorem 4.2.5. Since any 
Sup Gua phe Hy, OL at iem par tit1ONn ss! sa) Seq sea Sucnenunion 
of those planar subgraphs Bi’ of the biconnected 
GomponentsB] (of thesgraphtH «ei w ties reat: follows: that 
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Unfortunately, a segment Si may be embeddable but be 
declared unembeddable. If Si is declared unembeddable, then 
beeinterlaces with’ two segments Sj° and Sk’, 3°< k < 1, 
represented in the same block and embedded on opposite sides 
of C. In the original embedding procedure, this meant that 
Sj’ and Sk’ interlaced. In the modified procedure, although 
Sj’ interlaces with Sk, Sj’ and Sk’ may not interlace thus 
Si may in fact be embeddable. Fortunately, the problem only 
arises if (1) Sk has the same start and finish vertices as 
Sj and (2) Sk’ only has two vertices of attachment. Since 
Sj’ interlaces with Sk, they both must have three vertices 


of attachment. Since Sk’ only has two vertices of 
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attachment, Lemma 3.1.2 no longer applies and Sk’ does not 
interlace with Sj’. However, the two segments are still 
represented in a single block as if they interlaced (see 
Bg unem 2.) 

This incorrect representation can only occur between 
segments that have the same start and finish vertices 


because of the following lemma. 


Lemma 4.2.7 For any segment S/, 1 < i<m, let f£ be its 
finish vertex. Either Si’ has f as its finish vertex or 
Si’ has only one vertex of attachment (there are no back 
edges in Si’). 

Proof: Given any segment Si with leading path p: s -->* £, 
if Si passes the first planarity test, then a block b is 
formed representing the interactions between S/ and 
segments Sj’, j < 1, and p 1S embedded. When 
Algorithm 4.2.3 is performed for S/7, the back edge of p 
is not involved in the testing as it is not part of a 
segment in Si U ti. Therefore, the back edge of p is not 
deleted and f remains as a vertex of attachment of Si’. 
if Sietarws® the first plananitys test; thenes je haseno 
back edges and therefore, s is the only vertex of 


ALeaACnment 10.8 on a 


Note that the back edge of p may be deleted at a higher 
level in the recursion. However, at that point, Si has 


ceased to be a segment. 
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If the back edge (v,w) is deleted, then S$ and §S' no 
longer interlace. 


Figure 22. Loss of Interaction 


4.2.3 Analysis of Time Complexity 

The modified embedding procedure examines each edge of 
G once, and apr terane only a linear number of block stack 
operations. Therefore, the modified procedure has a time 
complexity of O(e). Since the number of subgraphs in the 
planar partition is O(n), the time complexity of Algorithm 
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4.2.4 The PFEP Algorithm Summary 
The Path Finding Edge Partitioning (PFEP) algorithm 
constructs a planar partition of a graph G. Bach subgraph in 


the partition is formed using a modified version of the path 
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finding planarity algorithm from section 3.1. The algorithm 
accepts a biconnected graph as input and deletes edges from 
it until the remaining subgraph is planar. The only 
modifications made to the algorithm, as described in section 
3.1, are modifications that cause the deletion of edges from 
the region of the graph being embedded when the graph is 
declared nonplanar. If the graph is declared nonplanar 
during the embedding of some segment S/, then the only edges 
considered for deletion are edges from Si. No pee acne 
(deletion of edges from segments already a beteaD Oe 
lookahead (examining the ramifications of deleting a 
particular edge) is employed in deciding which edges to 
delete. 

The modifications are designed to minimize the extra 
processing time required while deleting as few edges as 
possible from the graph. The subgraphs produced by the 
planar graph constructor may not be maximally planar for two 
reasons. First, a graph could be declared nonplanar when it 
is in fact planar, as explained in section 4.2.2. Second, 
the deletion of edges in Algorithm 4.2.3 from a segment S/ 
may make unnecessary the deletions made during the planarity 
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4.3 The pq-tree Edge Partition Algorithm 

The pq-tree Edge Partitioning (PQEP) Racor ee Aaa Siailas 
produces a planar partition of a graph G = (V, E) using a 
modified version of the pq-tree planarity algorithm. The 
pq-tree algorithm determines whether or not a graph is 
planar. Its modified version produces a planar subgraph of a 


nonplanar graph. 


Algorithm 4.3.1 (PQEP) 
(emo Cony a0, a. (Hime meander Hy) = eb. 
2. While E(H) # @ do 
Asi GES a) Ss) easel up Se 1G) 
Comment: Construct a planar subgraph Hj of H. 
2.2 For each biconnected component Bi of H, 

1) TT etd EAB Bee Tole: 

22251) UNDUtNBy) EOnamplanar: graphy constructors that 
outputs a planar subgraph Bi’ of Bi (if Bi 
is planar then Bi’ = B/) and a set of edges 
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4.3.1 The Planar Graph Constructor 

The planar graph constructor used to produce a subgraph 
Bia@eotrmwa Diconnected componentes/=oL Hi? 18s Uleserein step 
2.2.1 of Algorithm 4.3.1 is a modified version of the 
pq-tree planarity algorithm from Booth and Lueker [Boo 76] 
described in section 3.2. The embedding procedure was 
modified so that a planar subgrah is produced if the input 
graph is nonplanar. The modifications cause the deletion of 
edges from the input graph whenever the graph is nonplanar. 

Let G be the graph input to the planar graph 
constructor, let n be the number of vertices of G, and let 
Gn be the subgraph of G output by the constructor. If G is 
declared nonplanar during the k+1'st iteration of the 
embedding procedure, then the edges chosen for deletion are 
chosen from the edges represented in Sk+7 (edges with one 
endpoint numbered k+1) such that the remaining edges 
represented in Sk+7 can be merged and the virtual edges in 
the resulting planar embedding lie in the same (outer) face. 
The deletion of edges can occur in the modified procedure 
following the bubble pass and/or during the reduction pass. 
A nonplanar declaration following the bubble pass of the 
k+1'st iteration, means that there are two or more sets of 
pertinent nodes separated by nonpertinent nodes in the 
pq-tree Tk. For the embedding process to continue only one 
group can be allowed to remain. Let the sets of pertinent 
fodes sbewu, bj, -bD20 wea) ba, swheresuris@the set ofsnodes 


that have no blocked nodes as ancestors and bij, 1s i<h, 
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is a block (see Figure 23). The group of pertinent nodes 
chosen to remain is the one with the largest number of 
descendant pertinent leaf-nodes. Let Ru be the set of 
pertinent leaf-nodes which are descendants of the nodes in 
Uy, ande let) RDisbesthemsimilaryset for bj, tis 19s ih. The set 
of pertinent nodes chosen to remain in Tk is the set x Such 
that 

PR Xceeemia X i| RU | Samy mere! ROL) | hs 
All the pertinent leaf-nodes not in Rx are deleted from Tk 
and the resulting tree is made proper (to maintain the 
differences between p-nodes and q-nodes) forming a new tree 
Tk. In addition, the elements in Sk+7 are replaced by the 
elements in Rx. Then a bubble pass is performed on the new 
Tk obtaining the mininal pertinent subtree Pk. 

A nonplanar declaration during the reduction pass of 
the k+1'st iteration means that a node and its children 
cannot be matched to any template pattern. In this case, the 
modified embedding procedure deletes pertinent leaf-nodes 
from the pq-tree until a template pattern matches the node 
and and its modified children. The minimum number of 
pertinent leaf-nodes are deleted from the tree. Let Pk have 
m nodes and let xi (the i'th node traversed during the pass) 
be thepnodertor which M(TK(teie7exd) fairlseeThe nodes xij of 
Pk are labelled during the second step of M(TK(j-1), xj), 

1 <j < m. They are labelled as full, singly partial, or 
doubly partial depending on the arrangement and labels of 


their children. 
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Figure 23. Tk nonplanar after a bubble pass 


Definition 4.3.1 
A node is labelled as partial if it is a q-node having 


full and empty children. 


Definition 4.3.2 
A singly, partial node is a partial node whose full 
children are adjacent and positioned at one end of the node 


(as in Figure 24(a)). 


Definition 4.3.3 

A doubly, partial node is a partial node whose full 
children are adjacent and surrounded by empty children (as 
in Figure 24(b)). For a node to be labelled doubly partial 


it must be the root of the pertinent subtree. 


Note that if a q-node has a partial child, then that child 
is merged with the q-node during the template replacement 


process before the node is labelled (as shown in 
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(a) A Singly Partial (b) A Doubly Partial 
q-node q-node 


(c) Merging a Partial Child 


Figure 24. The Form of q-nodes in a pq-tree 


Figure 24(c)). 

The node x/ for which M(TK(j-7), xi) fails is either a 
p-node or a q-node since a leaf-node is always matched to a 
template pattern. 

(1) If xi is a p-node, then Tk(j-7) has the form shown in 
Figure 25, where xm is the root of Pk and Rt is the set 
of pertinent leaf-nodes that are not descendants of xi. 
Rt is empty if i = m and nonempty otherwise. The nodes 
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Figure 25. The Form of an Unmatched p-node 


Pertinent leaf-nodes are deleted from Tk(ji-7) 


forming the tree Tk(j-7)’, such that M(Tk(j-1)’, xi) is 


successful. The deletion of pertinent leaf-nodes 


modifies the children of xf and/or makes xi the root of 


Pk. The steps involved are shown in Algorithm 4.3.2, 


where rk+7 is the set of pertinent leaf-nodes deleted 


during the k+1'st reduction pass. 


Algorithm 4.3.2 


ize 


Determine the partial children pi and p2 of xi such 
that Ro? is the largest and Rp2 is the second 
iawgest got ROX ii, ROX2 mee oe ROX!) 

Set ld = {pertinent leaf-nodes that are descendants 
of all the partial children of xi except pl and p2}. 
Delete all the elements of ld from Tk(ij-17). 


Set Skt Hacer = lish. 
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6.1 Delete the elements of Rt from Tk(ji-17) forming 
Tk(i-1)’, and make xi the root of Pk. 
G2 SKE] =e SK ae Rie 


ie Sh Te ey! eG) AG) BEG 


Tee EYSe if RD Wesel ROw| jeecnen 
7.1 Delete the elements of Rp? from Tk(i-7) forming 
aT Qoliceahin® ¢ 
7.2 Sk+1 = Skt? - Rpl. 
ts th” Sell@erh at wellery) (8) iyeyhe 
8. Else, 
Gee DelerceRpletromerkh (ia Meormings ti (Wie) ye 
Br OKs i= OK ie aR De. 
Bes lke K eR. 


9. Perforin M(TK(i-7)’, xi) forming Tk(/). 


(2) If xi is a q-node, then the arrangement of the children 
of xi is similar to that shown in Figure 26, where xm is 
the root of Pk and Rt is the set of pertinent leaf-nodes 
thateare snoteodescendants oOfex). Rl 1s empty if 1 = meand 


nonempty otherwise. 


Definition 4.3.4 
A q-group is a maximal group of adjacent children 
Ot a q-node such thar all the modes sing thes grouplare 


pertinent. 


The node xi has certain characteristics. First, xi 


has at least one empty child or one partial child, 
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Figure 26. A Possible Configuration for an Unmatched q-node 
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(e) Two q-groups 


Figure 27. Possible Configurations of the Children of xi 
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second at most one end child is empty, and third x/ has 
at most two q-groups. The first characteristic of xij is 
a result of the failure of M(TkK(i-1), xi) and the second 
and third characteristics are a direct result of the 
bubble pass. Figure 27 shows some examples of the 


arrangement of the children of xi. 


Definition 4.3.5 
A qsp-group is a maximal group of adjacent, 

pertinent children of a q-node such that if it were the 
only group of pertinent children, then the node would be 
matched and labelled singly partial. A qsp-group of a 
node x consists of the pertinent children of x starting 
from one endmost full or partial child up to the first 
Dantral Chil oeOGEruaStwenptyech) Geandminciuding: onal 


child if it is partial (see Figure 28(a)). 


Definition 4.3.6 

A qdp-group is a maximal group of adjacent, 
pertinent children of a q-node such that if it were the 
only group of pertinent children, then the node would be 
matched and labelled doubly partial. A qdp-group of a 
node x consists of the pertinent children of x starting 
frompthe £i5SteruLlech to atten aan kenptyacnhilldtomernom a 
partralichpld upmtomsthe@nextmpartialichild@orfom empty 
Ghildeand fincludingithawichmldmi flit tis partial (see 


Figure 28(b)). 
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————————, , 


(a) A qsp-group of a q-node x 


(b) A qdp-group of a q-node x 


Figure 28. Matchable Pertinent Groups of a q-node 


The steps involved in modifying the children of xi 
to form a proper tree Tk(i-1)’ such that M(Tk(i-1)/, xi) 
succeeds and in the process deleting the minimum number 
of pertinent leaf-nodes are shown in Algorithm 4.3.3. 
Let rk+7 be the set of pertinent leaf-nodes deleted 


during the k+?"stereduction= pass: 


Algorithm 4.3.3 

1. Find the qdp-group of x/ with the largest number of 
pertinent leaf-nodes as descendants. Let Rdp be the 
set of pertinent leaf-nodes of this group. 

2. Find the qsp-group of xi with the largest number of 


pertinent leaf-nodes as descendants. Let Rsp be the 
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set of pertinent leaf-nodes of this group. 


Seeelle | RE terRsp Wes 


|Rdp|, then 


3.1 Delete all the pertinent leaf-nodes not in Rdp 


from Tk(i-17) 


root of Pk. 


forming Tk(i-1)’, and make xi the 


3.2 xrckt? = rk+? U (Sk+1 - Rdp). 


Se SsmeSKt 


Rdp. 


4, Else, 


4,1 Delete all the pertinent leaf-nodes not in (RSp 


UBSRT ei romerk oi) etonmindgalkGih— jee 


G2) werkt ie= cht muy tShKijes (RSD UsRe) oe 


4.3 Sk+1 = Rsp U 


Rie 


Semper formaMGnk(ai ji) en xi) forming ®TKC igs 


Note that the deletion of pertinent leaf-nodes during 


the k+i'st reduction pass 
minimal pertinent subtree 
which nodes are traversed 
xi becomes the root of Pk 


the only nodes that would 


does not require changing the 

Pk. Pk is used only to determine 
and their traversal order. Either 
and no more nodes are traversed or 


be deleted from Pk are children of 


x/ and they have already been traversed. Thus the nodes 


remaining to be traversed 


and their traversal order is not 


changed by any deletions made during the reduction pass. 


The deletion of pertinent leaf-nodes from Tk(i-7), 


1 < i < m-1, does not require restarting the reduction pass. 


The pass can be allowed to run to completion and any ensuing 


deletion of pertinent leaf-nodes is valid, that is, the 


7 -_ 
¥ mn 7 [ Mw 
, i (@ay Ve 
ib i t 97?! Bole ut i 
1 v 


g 7 - ! : 
i t =) i ve j 
} iH ) 
. ° | dat 
t Seen eh ke | 
4 ¥ & ce | iy 
; a) 


Pere mi 7 . 
a 


ae : een 


deletions would have occurred even if the pass were 
restarted after each set of deletions. If M(Tk(i-17), xi) 
fai Poneandm =), Ore x leersmmade the, root of PK. then the 
reduction pass is finished after M(Tk(ji-1)’, xi) is 
performed so there are no further deletions and the 
reduction pass is finished. Otherwise, all the pertinent 
leaf-nodes deleted from Tk(i-1) are descendants of xi. If 
pertinent leaf-nodes are deleted from a child y of xi, then 
_all pertinent leaf-nodes are deleted from y making y an 
empty node. When x/ is matched to a template pattern, it is 
labelled as partial or is replaced by a node which is 
labelled as partial. The template matching of the parent of 
xi (if any) depends only on the label of xi and its position 
relative to its siblings. The deletion of descendant nodes 
of xj does not affect its position relative to its siblings. 
If the reduction pass were restarted, then xj (or the node 
replacing it after the modification operation) would still 
be labelled as partial because the pertinent children of xi 
would have the same labels and relative positions in the 
pq-tree as they have in Tk(i-7)’. Since the deletion of 
descendant nodes of xi does not affect the matching of x/'s 
parent, future matchings and deletions, performed during the 
reduction pass, are valid. 

Unfortunately, the deletion of pertinent leaf-nodes 
affects template operations that occurred previously in the 
reduction pass and hence affects the form of Tkt? (see 


Figure 29), If pertinent leaf=noaes are deleted from the 


(b) After the reduction of x4: x5 is visited requiring 
the deletion of x1 


(c) After the deletion of x1 and the reduction of x5 


Figure 29. Tk before and after deletion of leaf-nodes 
during the Reduction Pass 
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Figure 29. Tk before and after deletion of leaf-nodes 
during the Reduction Pass 


subtree rooted at a node y, then template operations that 
had been performed on that subtree are no longer necessary 
and any modifications made to that subtree which resulted in 
a change in the order of the remaining leaf-nodes or a 
change in the transformations allowed on those nodes should 
be undone. Since we really want the pq-tree for the 
remaining set of pertinent leaf-nodes, the reduction pass 
must be performed again. Let Tk’ be the tree resulting from 
deleting the nodes of rk+7 from TK such that TK’ is a proper 
pq-tree and let Pk’ be the minimal pertinent subtree with m' 
nodes that results from the deletion from Pk of all nodes 
that are no longer pertinent. Then the second reduction pass 
of the k+1'st iteration is performed on Tk’ using Pk’. 
Algorithm 4.3.4 outlines the steps performed in the 
modified embedding procedure to obtain a planar subgraph Gn 
of the st-numbered, biconnected input graph G with n 
vertices. The set dk+7 is the set of pertinent leaf-nodes 
deleted during the k+1'st iteration and rk+7 is the set of 
pertinent leaf-nodes deleted during the first reduction pass 


of the kt Pistelteravion. 


Algorithm 4.3.4 

1. Form T?7 by creating a p-node representing the vertex of 
G with st-number 1. For each edge emanating from vertex 
1 create a leaf-node to represent that edge and make the 
leaf-node a child of the p-node. 
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Set Sk+7 = {all leaf-nodes representing edges with 


Virtual vertexektiie 


Comment: Merge all virtual vertices labelled k+1 by 


making all pertinent leaf-nodes of Tk adjacent. 


ate 


Perform a bubble pass on Tk. Let h be the number of 
blocks in Tk and let Ru be the set of pertinent 
leaf-nodes whose ancestors are all unblocked nodes. 
Hie (nea 2)mor a( (hes 1 )imande Rue 60) methen 

Comment: The pertinent leaf-nodes of Tk cannot be 

made adjacent. 

2.3.1 find the set Rx for which |Rx| = max(|Ru|, 
(RIGTH#, Sich te RDI) 

2.3.2 delete all pertinent leaf-nodes from Sk+t7 
and TK not in Rx (delete the corresponding 
edges from G) forming a new tree Tk, 

2s. s ESC UROKT] @=9SK7i) eaeRX; 

2.3.4 set Skt? = Rx, 

2.3.5 perform a bubble pass on Tk. 

Form a temporary copy Ck of the portion of Tk 

required during the reduction pass. 

Perform a reduction pass on CK using Pk and obtain 

EKGs 

Remove the leaf-nodes in rk+? from TK forming Tk’ 

and a modified minimal pertinent subtree Pk’ with 

m' nodes. 

Set dkt7 = dk+7?7 U rkt?. 


Perform a reduction pass on Tk’ using Pk’ and 
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Det urnmr aia 

2e9ueReplace all full@nodes@inttTk/ (m7?) with@atp-node 
representing the real vertex numbered k+1. 

2.10 For each edge (k+1,j), where j > kt+1, create a 
leaf-node representing the edge and make the 
leaf-node a child of the p-node created in step 
2.9. The tree Tkt? is formed (the corresponding 
subgraph Gk+7, with the edges of Gk and the edges 
corresponding to the leaf-nodes of Sk+? - rk+?7, is 
embedded in the plane and has all the edges of Fkti 
Ingpitssoutermtace)= 

Comment: The subgraph Gn-7? corresponding to Tn-7 is embedded 
in the plane and all the edges of Fn have higher 
endpoint n and are in the outer face of the embedding. 

3. Merge the virtual vertices numbered n in the embedding, 
creating the real vertex n. Gn is the resulting graph. 


a, Set Di= {edges represented by ’djlUsd2? U%.6.4Utdn=7}. 


4.3.2 The Correctness of Algorithm 4.3.1 (PQEP) 

In the following discussion let G be the graph input to 
the planar graph constructor of Algorithm 4.3.1, let dk be 
the set of leaf-nodes deleted from Tk-7 during the k'th 
iteration of step 2 of Algorithm 4.3.4 and let ek be the set 
of edges corresponding to the leaf-nodes of dk. Also, let Gk 
be thesportion ofe8G thatehas@been embedded alter thee k th 
iteration of step 2 is complete; that is, Gk = (Vk, Ek’), 


where Ek’ = Ek - e? - e2 - ... - ek. 
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Theorem 4.3.1 For any biconnected graph G with n vertices 
input to the planar graph constructor, the subgraph Gn 
output by the constructor is planar. 

Proof: The proof that Gn is planar is performed by showing 
that each of the subgraphs Gk, 1 < k < n, formed by 
Algorithm 4.3.4 is planar. 

(1) For k = 1, the subgraph G7 is made up of the real 
VErtex® | awhich is planage in addition, all the 
edges of F2 are in the outer face of the embedding 
Oe Gi: 

(2) For k < j, assume that the subgraph Gk is planar 
and that all the edges of Fk lie in the outer face 
of the embedding of Gk. 

(Omer OU Ke=sj4ip a SincesGymrs stem all the edges of 
Fj lie in the outer face of the embedding of Gj and 
Tj is the pq-tree representation of Bj = Gj U 
(Wij E)) seALLeGE See DeemOL@ALGOratLhmed.3. 3401S 
performed for k = j+1, the leaf-nodes in 
Sj+1 - djt+1 are adjacent in the resulting pq-tree 
Tj’(m’). Therefore, Gj+7 is planar and the edges of 
Fj+? lie in the outer face of the embedding of 
Ri tales 

By (1), (2), and (3) above, and the principle of 

induction, if follows that the subgraph Gk is planar for 


eae ne. Thus) Gamisce Dlena re 
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Theorem 4.3.2 Each subgraph Hj of the partition 
(Hien?) Hole constructedmpy. Algor: Lhm4s3.m ©(POBP) 
is planar. 

Proof: Each subgraph Bj’ constructed in step 2.2.1 of 
Algorithm 4.3.1 is planar by Theorem 4.3.1. Since any 
Subg raphe) tote thespaLeseront mits jmoeC  rSomtner Und Onmol 
the planar subgraphs Bi’ of the biconnected STONES 


Biotest, @i0S 910 <er ee iteOltOwSethatehy) US eplanarn. 


Unfortunately, there is no guarantee that, during step 
2 of Algorithm 4.3.3, the subgraph Gk-7 of G = (V, E) and 
hence sthesqraphuwith edge sete Bh = ef 9— 7 0.6— sekesti li 
possesses an st-numbering of its vertices V. For this 
reason, after the first deletion of edges from G, it is 
possible that the remaining graph is planar when the 
modified embedding procedure declares it nonplanar. That is, 
the modified embedding procedure may only be detecting a 
possible cross-over rather than any unavoidable cross-over 
because of the lack of an st-numbering (see Figure 30). Thus 
the procedure may be deleting more edges from G than it is 


really necessary to delete. 


4.3.3 Analysis of Time Complexity 

The planar graph constructor examines each edge of the 
input graph Bj once and performs a constant number of 
operations for each edge. Thus, to obtain a planar subgraph 


Hj of H, requires O(E(H)) operations or approximately 0(e) 
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(1,5) [3] 


(2,52,H2,OQR)D 


(3,406 ,50G, 0 49 
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G, 5) 


2,002,002) 
24)G,4) 


G,5)@,6) 
(opie (2) 


Figure 30. Embedding a Graph whose Vertices are not 
st-Numbered 
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(h) The node [3,4] is visited next and cannot be 
matched to a template implying that G is nonplanar. 


Figure 30. Embedding a Graph whose Vertices are not 
st-Numbered 
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operations, where e is the number of edges in the graph G. 
Since the order of the constructed planar partition is O(n), 
the time complexity of the algorithm is O(ne) (or at most 


OiGnash)meSi nic Gr eb < enizele 


4.3.4 The PQEP Algorithm Summary 

The pq-tree Edge Partitioning (PQEP) algorithm 
partitions the set of edges of a graph G producing a planar 
partition of G. Each subgraph in the partition is the union 
of the planar subgraphs Bi’ of the biconnected components Bi 
Ofer eime= lt t2 2) lise. Bl et Sa Droaucedseby a, planar graph 
constructor which is a modified version of the pq-tree 
planarity algorithm from section 3.2. The constructor 
produces a planar graph by deleting edges from the input 
graph whenever the graph is declared nonplanar. Edges chosen 
for deletion are taken from the portion of the graph being 
embedded when nonplanarity is declared. If the graph is 
declared nonplanar when merging the virtual vertices k+l, 
then the edges chosen for deletion come from the set of 
edges with virtual vertex k+1. Edges to real vertices and 
edges to virtual vertices not yet visited are not considered 
for deletion. 

An attempt was made to have the constructor delete the 
fewest number of edges required for the embedding process to 
continue. The combination of minimum edge deletion and local 
edge deletion was employed in an attempt to efficiently 


produce planar subgraphs of as large a size as possible. 
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Although the subgraphs constructed by the PQEP 
algorithm are planar, they are not always maximally planar 
for two reasons. First, as mentioned at the end of 
section 4.3.2, once edges are deleted from a biconnected 
graph, the graph may no longer be st-numbered. Therefore, it 
may be declared nonplanar when it 1S in fact planar. 
Secondly, it may not be possible to make the pertinent 
leaf-nodes of the retained group adjacent thus requiring 
more edge deletions. This may result in a greater number of 
total edge deletions than if a smaller group had been 
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Chapter 5 


Experimental Analysis of the STEP, PFEP, and PQEP Algorithms 


The Spanning Tree Edge Partitioning (STEP) algorithm, 
Path Finding Edge Partitioning (PFEP) algorithm, and pq-tree 
Edge Partitioning (PQEP) algorithm are described in Chapter 
4, Each one partitions the edges of a graph to produce a 
planar partition. This chapter compares these algorithms as 
heuristics for the minimal planar partition problem. Three 
comparisons are made. The first is based on the quality of 
the solution obtained as measured by how close the order of 
the constructed partition approximates the thickness of the 
graph. The second comparison is based on the resource 
requirements (execution time) of each. Finally, the 
characteristics of the constructed partitions are examined 
and compared to obtain some idea of each algorithm's 


usefulness as an aid in the design of circuit layouts. 


5.1 The Experiments 
The three algorithms were programmed in ALGOLW [Sit 72] 
and run on an AMDAHL V8 under the MTS Operating System. 
Execution times were meaSured using CPU time. CPU time 
is measured in units of 1/60 seconds and is the time since 
the program started exection. The difference in CPU time 
before the construction of a partition and CPU time after 


the partition's formation is taken as the execution time. 


124 


mdb ses rit i) Qed niegR 
ge 


= _ i. _ 
decal we : ‘ 
a > 7 
: roy 2) oe o 
‘ “4s : F 
be 2 erit SV: rr, ; as jules oy 
me - y 5 
' afiadgg : 
Teik 
: 2 744 yee 
7 
a) « 
7 7 


: A q 7 
oe ‘3 a> Byrd : 


- a _—_ - 
_ 7 
are, 7 


, 7 ss 
: Acie TERS 


(25 


The graphs used in the experiments are shown in Table 
I. A graph labelled G(n,p1,p2,...,pj) has n vertices and is 
the union of the j planar subgraphs Hol, Hp2, ..., Hpj of 
the minimal planar partition for Kn described in section 
2.2.1. For example, the graph G(30,2,4) has 30 vertices and 
is the union of the subgraphs H2 and H4 of the minimal 
Dlalialepaltiation fOreks0. 

The graphs listed in Table I were chosen because the 
thickness, t(G), of each one is known. The complete graphs 
Kn, complete bipartite graphs K(m,p), and m-cubes Qm provide 
data on the behavior of the algorithms on regular graphs 
including regular dense graphs (a large number of edges per 
vertex) and regular sparse graphs. The graphs of the form 
G(n,p1,..-,Pj) provide data on the algorithms' behavior on 
irregular degree graphs, both sparse irregular (for smaller 


values of j) and dense irregular. 


5.2 Performance Measure 
The performance measure used to assess how well the 
STEP algorithm, the PFEP algorithm, and the PQEP algorithm 
perform as heuristic algorithms for the minimal planar 
problem is: 
(1) For a graph G, with thickness t(G), let q be the number 
of subgraphs in the planar partition constructed by one 
of the algorithms. Then PM = gq - t(G) is a measure of 


the performance of the algorithm. 
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Table I Test Graphs 


Regular Irregular 
K9 G(30,1,5) 
K11 Gis ne) 4) 
K16 Gis Oralis-5)) 
K17 Gis 0m 4) 
K30 Gles0y 2) 4 a) 
K40 G@30F 4,2, 3 At) 
K60 
G(42,3,6) 
Kel eutel) G G48 25375 47) 
K(G14) 14) GUA2 eile 2 3 eAe S568) 
K(16,16) 
K(20,20) G(300,1,9) 
Kel 722 7.) GG300710,34) 
KeGs0 720 ee 
G(600,20,55) 
Q5 
Q9 


If PM is small, then the algorithm is considered to 
obtain a good approximation to the minimal planar partition 


for the graph. 


5.3 Performance of the STEP, PFEP, and PQEP Algorithms 
Table II shows the thickness, t(G), of each graph G 
used and the number of subgraphs, STEP(G), PQEP(G), and 
PFEP(G), in the constructed planar partitions. The blank 
entries in the table correspond to tests that were not run 
on the STEP algorithm because of the prohibitive amount of 
execution time those tests would have required. From the 


data in Table II it appears that the three algorithms 


a5 


Table II The Number of Subgraphs t(G) in a Minimal Planar 
Partition of G and the Number of Subgraphs in the 
Constructed Planar Partitions 


G t(G) STEP(G) PQEP(G) PFEP(G) 
K9 3 3 3 3 
K11 3 Ss 3 3 
K16 3 5 5 4 
K17 4 5 5 5 
3 Oa 6 8 8 8 
K40 i 10 11 
K60 ia 15 16 
Ke(deeeiet) 4 4 4 4 
K(14,14) 4 5 5 5 
K(16,16) 5 6 6 6 
KC207 20) 6 7 7 
Ke2pe2 7.) 8 10 10 
K(30720) 7, 9 9 
Q5 B 2 2 2 
Q9 3 4 4 
GiB Oss 5 ) 2 3 4 4 
Gro esa) 2 4 4 4 
GGs0 1335) 3 5 5 6 
Gis0m2 3, 4) 3 5 5 5 
Gus Ore cna) 5) 4 7 6 6 
Ges Om te nad) 5 8 8 8 
G (42-3) 6) 2 4 4 4 
Me (2 oS) ae th) 4 6 7 
Gla ie? 3 4 Oey 7 10 Wi 
GUs00 19) 2 5 6 
Gis00 1/0 ssi) 2 4 5 


G(600,20,55) 2 ©) 3 
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produce approximately the same size partition for a graph. 
mhesconstructedi partitions mies et ordervyq<@e/n} tor any. 
graph tested. The algorithms appear to perform best when 
determining a partition for a regular graph. In that case, 
the order of the partition is approximately {e/n}/2 and 
closer to the actual thickness of the graph. 
For the complete graphs tested, the algorithms 

EONStruct partitionsmser onder 

Gee 1e7 (2n52)0 S=8n ew le(ne 3074). 
Sance, thesethicknesssotmekn aus, bins7)/6 1) etOraneteon Oem the 
performance measure for the complete graphs is 
PMe=eli(nt3)/4)1 —el(nt7)/7 6 Nore PMs <3 14(G)/2},ethesalgonrenms’ 
performance on the complete bipartite graphs and the m-cubes 
is even better with PM < {t(G)/4}. The algorithms have the 
moStediiticultyawhengconstructangmamplananmepantitionmgror. the 
Sparse irregular graphs. The order of the constructed 
partition for these graphs is very close to {e/n} while the 
actual thickness is much less than {e/n}. The number of 
edges in the irregular graphs G, listed in Table II, is 
Seeat (Giisne6)tmTheretoresmiey ny) =atc(G) G3n26) /ns VBS t(G) ee 
{GGG ) ne Since -6,(G) Poel nay 6)) ee ot (Gi nue eee ee 
Creat Crenecei ite lOllOWwSmtnoomel Gye Zes Ve (nie cect G)elmetor 
Ehepirregular graphss Thus sthesordersol the constructed 
partitions for the sparse irregular graphs is within 2t(G) 
Otethemordersct their minimaimplananepartituon. For sthe 
denserm gregularrgraphs; sthémpertormance: measures Loreal) 


three algorithms improve and approach the performance 


Tag 


measures for the complete graphs. For example, for 
G(42,1,2,3,4,5,6,7), PM is approximately {t(G)/2} for the 
three algorithms. Table III shows the performance measure, 
PM, of the algorithms for the regular graphs and irregular 
graphs used in the tests. 

Although no algorithm performed markedly better than 
any of the others, the PQEP algorithm outperformed the PFEP 
algorithm on the larger complete graphs tested (K40, and 
K60) and on some of the irregular graphs (G(30,1,3,5), 
G(300,10,31)). The slight performance differences between 
the algorithms may be the result of the different way each 
one orders and traverses the vertices and edges of a graph. 
In addition, for each algorithm, the order in which the 
vertices and edges of a graph are processed appears to 
affect the performance of that algorithm performs. For 
example, for: the PFEP algorithm, the constructed partition 
for G(30,1,3,5) contains six planar subgraphs while the 
auction storm. GtsOn2 AsP4 contains only goive% For the PQEP 
algowmenmn Aatheliconstructed partion ston IiGis00, 149) is of 
order itive: while tthe constructed pant irion tion G00). 10731) 
is only of order four. The STEP algorithm exhibits the same 
behavior. For example, the partition it constructs for 
G(30,1,5) has three subgraphs and its partition for 
GiesOr 2e4ynas f£Oum subgraphs, sinmeachoh thesemcases meune 
different order in which the vertices and edges of the graph 
are processed affects the size of the constructed partition. 


In general, the algorithms perform best on the regular 
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Table III Performance Measure PM of the STEP, POQEP, and 
PFEP Algorithms 


Graphs STEP POEP PFEP 
Regular Complete {t(G)/2} LE G72) GH 2; 
Regular not Complete {t(G)/4} {t(G)/4} {t(G)/4} 
Irregular Sparse 2t(G) 2t(G) 2t(G) 


graphs tested, where the initial processing order of the 


vertices is of no consequence. 


5.4 Resource Requirements 

The resource requirement considered is the execution 
time required to obtain a planar partition for a graph. To 
partition a graph G = (V, E), where |V| = n and |E| = e, the 
time complexity, in the worst case, is O(ne) for the PFEP 
and PQEP algorithms and O0(n*e) for the STEP algorithm. Table 
IV shows the actual execution time required by the 
alqgorithmsetoeobtains a partition Lor eachetest graphey rhe 
blank entries in the second column of Table IV correspond to 
tests not run on the STEP algorithm. As can be seen from the 
entries above the blank ones the execution time would have 
been prohibitively large for those tests. As such, those 
runs were deemed infeasible. 

There are a number of observations that can be made 


regarding the execution times shown in Table IV. First, the 
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Table IV Execution Time in Seconds 
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STEP algorithm requires the longest time to produce a 
partition, and the PFEP algorithm requires the shortest 
time. Second, the ratio of the execution times for the PQEP 
algorithm and the PFEP algorithm is constant as suggested by 
their time complexities (both O(ne)). The PQEP algorithm 
requires two to three times longer to obtain a partition 
than the PFEP algorithm. For example, the PQEP algorithm 
requires 2.8 times Wengen than the PFEP algorithm to produce 
a partition for K(11,11) and 2 times longer to produce a 
partition for Q5. The different sizes of the constructed 
partitions and the number of edges left to partition after 
each subgraph is constructed may be responsible for the 
observed fluctuation in the execution time ratio. That is, 
if the POEP algorithm constructs a partition of smaller size 
than the PFEP algorithm, then the execution time ratio is 
CHIOSeGELOe7c 1, aS iS the caserton Gic00, 1075 1) = and = itethe 
partition size is the same but the PFEP algorithm has less 
edges to deal with after each subgraph is constructed, then 
the execution timeratio us closer to 32:1, as. for 
GOD0jie-o) = 

The third observation is that the execution time ratios 
of the STEP algorithm and the other two algorithms varies as 
the size (number of vertices and edges) of the graph varies, 


as suggested by their time complexities. 
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5.5 Characteristics of the Constructed Planar Partitions 

If the algorithms are used as aids in the design of 
circuit layouts, then each subgraph in a constructed 
partition serves as a pattern for a layer (board) of the 
circuit being designed. In that case, the characteristics of’ 
each subgraph and of the partition as a whole are important. 
If a goal of the layout is 26 place aS many wires as 
possible on one layer [Hig 73 and Lui 76], then a 
partitioning scheme that consistently achieves such optimal 
wire packing is more useful than one that does not. 
Constraints on wire density and wire length on a board may 
affect the usefulness of a partition as well. In addition, 
if there are any constraints on the number of boards on 
which a given component can appear [Rub 73], then a 
partition which cannot Satisfy the constraints is not 
useful. 

Following are some characteristics of the planar 
subgraphs and partitions constructed by the algorithms. 
Table V lists the maximum number of edges in a planar 
subgraph of the test graphs [Lui 76] and, for each 
algorithm, the number of edges placed in the largest 
constructed planar subgraph for each graph. The blank 
entries in the table correspond to tests that were not run 
on the STEP algorithm because of the prohibitive amount of 
execution time those tests would have required. 

For the regular graphs shown in Table V, the largest 


planar subgraph of the constructed partitions is usually the 
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Table V Number of Edges in the Largest Planar Subgraph 


MNE - the maximum number of edges in a planar subgraph 


Of.G, 

G MNE STEP PQEP PFEP 
K9 24 Di 24 ay 
K11 2a 27 2 20. 
K16 42 42 4] 42 
ea hy 45 45 45 45 
K30 84 84 84 84 
K40 114 114 114 
K60 we 174 gee 
Ree uel it) 40 40 40 40 
K(14,14) 52 52 52 52 
K( 16,16) 60 60 60 60 
K¢207 20) 76 76 76 
Ki G2 2578) 104 104 104 
KUs0F20) 96 96 87 
O5 60 60 60 60 
Q9g 1020 892 1020 
G(30, 1,5) 84 76 64 74 
G(s02)4) 84 63 7A 64 
GA Chan 35) 84 80 76 76 
Gs0, 24394) ; 84 we 78 75 
G02 2 5) 84 8 1 80 83 
Gil30 te 2e8ee5)) 84 84 83 84 
G(42,3,6) 120 85 96 90 
Gide On) 120 108 113 
GGA ral, 263 am oy Oyu) 120 119 120 
G(300,1,9) : 894 630 661 
G3 007 1073.1) 894 679 715 


GU6007 20; 55) 1794 1232 1444 
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Same size as the maximum planar subgraph for that graph. 
This means that the algorithms have achieved to some degree 
the desired property of creating subgraphs containing as 
many edges as possible (the algorithms delete as few edges 
as possible). This is especially important for the PFEP and 
POEP algorithms, where the maximality of the constructed 
subgraphs cannot be guaranteed (section 4.2.2 and section 
4.3.2). A planar subgraph of maximum size is constructed for 
all regular graphs partitioned by the PFEP and STEP 
algorithms and for all complete graphs and complete 
bipartite graphs partitioned by the PQEP algorithm. 

Also, for each algorithm, if the subgraphs in a 
eonseructed#partitionearesproduced@ingonder Hi-eH27e.5, sHq; 
then” |E(H7)| 2 pE(H2)| 2 22. 2 [E(Hq) |. Again, it “appears 
that the algorithms are deleting as few edges as possible 
from a nonplanar graph. 

Each subgraph constructed by the STEP algorithm is 
maximally planar with respect to the edges that remain to be 
partitioned when the subgraph is constructed. The subgraphs 
constructed by the other two algorithms cannot be guaranteed 
to be maximally planar. Nevertheless, for the PFEP 
algorithm, it appears that the subgraphs are maximally 
planar or nearly so. There are two justification for this 
claim. First, as*Table V shows, for regular graphs, the 
largest planar subgraph is the maximum size possible. 
Secondly, when a subgraph constructed by the PFEP algorithm 


was input to a maximization procedure, at most three edges 
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were added to the subgraph implying that the subgraph is 
nearly maximally planar. 

When the PFEP algorithm was run with a maximization 
procedure one observation made was that the size of the 
constructed partition is the same as the size of the 
partition constructed when the PFEP algorithm is run alone. 
This implies that, regardless of maximization, the sizes of 
the partitions constructed by the algorithm are the smallest 
possible for this type of algorithm. 

Figure 31(a), (b), and (c) illustrate the subgraphs 
produced by the PFEP algorithm. Each subgraph Bj input to 
the PFEP algorithm's planar graph constructor has all of the 
edges of one of its vertices placed in Bj’. This occurs for 
the vertex numbered 1 in the directed version of Bi. Thus, 
for graphs with vertices of large regular degree k, the 
Subgraphs constructed by the PFEP algorithm are 
characterized by at least one vertex of degree k. In 
addition, when this occurs, the remaining vertices are of 
small degree (degree 3, 4, or 5) as illustrated by 
Figure 31(a) and (b). Each subgraph Bi’ produced by the PQEP 
algorithm's planar graph constructor has two vertices with 
all of their incident edges from B/. If B/ has n vertices, 
then the vertex with st-number n has all its incident edges 
placed in Bi’ and very often the vertex with st-number 2 has 
all its incident edges placed in Bij’ as well. This means 
that, for large regular or nearly regular graphs, the 


subgraphs produced by the PQEP algorithm, have at least two 
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Figure 31. 
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vertices of large degree and the remaining vertices of small 
degree as shown in Figure 32(a), (b), and (c). The STEP 
algorithm also tends to construct subgraphs that have at 
least one vertex of higher degree than the rest of the 
vertices as illustrated by Rigure 33(a), (b), and (c). This 
tendency is a result of the order in which the edges 
remaining to be partitioned (the edges in S) are processed 
Pe SCCDEC 2. o.NOlCeALGQOUILHMMG 2. | eA ecChangemin ecne 
processing order of the edges may result A the construction .- 
of planar subgraphs of almost esol degree. Subgraphs 
having one or more vertices of large degree may not be very 
useful as patterns for circuit layouts because of such 
problems as wire density and wire length. On the other hand, 
because at least one vertex has edges in a subgraph Hj and 
does not have any edges ina subgraph Hi, 1 $ j < 1% q, any 
constraints on the number of boards on which a module can 


appear may be satisfied by the partitions. 
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Figure 32. Subgraphs Constructed by POQEP 
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Chapter 6 


Summary and Conclusions 


6.1 Summary 

The survey in Chapter 2 examines the thickness results 
and minimal planar partitions for complete graphs and 
complete bipartite graphs, thickness results for m-cubes, 
and minimum size planar partitions with degree constrained 
subgraphs for the complete graphs and the complete bipartite 
graphs. 

Two linear time planarity algorithms, a path finding 
algorithm and a pq-tree algorithm, are examined in Chapter 3 
and a logic error that appeared in an earlier description of 
Enea patna HndingsealgorathmerSacorrected. 

Chapter 4 contains a description of three new planar 
edge partitioning algorithms. The pl goriehme partition the 
edges of a graph G = (V, E) into nonempty, planar, disjoint 
subsets. A common feature of each algorithm is that each one 
produces a single planar partition for a graph and makes no 
attempt to improve on the partition through iteration. 

The first new algorithm described, the Spanning Tree 
Edge Partitioning (STEP) algorithm differs from the other 
two in its approach to constructing each subgraph of the 
Partition for a graph G. It starts with. a spanning tree 


(spanning forest) of the unpartitioned graph H as an initial 
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approximation to a maximally planar subgraph of H. Next, for 
each edge in H but not in the tree, the STEP algorithm 
checks if the edge can be added to the subgraph under 
construction (maintaining planarity) in an attempt to 
improve on the first approximation (increase the number of 
edges in the subgraph). After all remaining edges of H are 
tested, the constructed subgraph is accepted as a member of 
thes planar: partition, 

The other two new algorithms described, the Path 
Finding Edge Partitioning (PFEP) algorithm and the pq-tree 
Edge Partitioning (PQEP) algorithm, construct a planar 
partition for G using modified versions of planarity 
algorithms. Each one constructs a planar subgraph by 
repeatedly deleting edges from the Beet oredncr eon until 
the resulting subgraph is planar. The PFEP algorithm uses a 
modified version of the path finding planarity algorithm 
described in section 3.1 and the PQEP algorithm uses a 
modified version of the pq-tree algorithm described in 
section 3.2. The embedding procedure of each planarity 
algorithm was modified so that it would return a planar 
subgraph of the input graph. Modifications were introduced 
that result in the deletion of a small number of edges from 
the input graph to efficiently produce a planar subgraph. 

Proofs that the three algorithms produce planar 
subgraphs are given in Chapter 4. The STEP algorithm 
produces maximally planar subgraphs while the subgraphs 


produced by the PFEP algorithm and the PQEP algorithm are 
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not guaranteed to be maximally planar. Upper bounds on the 
time complexities of the algorithms are obtained: O(n7e) for 
the STEP algorithm, and O(ne) for the PFEP and the PQEP 
algorithms. 

Chapter 5 examines the value of the new algorithms as 
heuristic algorithms for the minimal planar partition 
problem. The implemented algorithms were run on graphs for 
which the order of the minimal planar partition (thickness) 
is known. 

The algorithms obtain good approximations for all 
graphs tested. They produce the best approximations (the 
performance measure PM is t(G)/4) for the regular sparse 
graphs and the poorest approximations (PM = 2t(G)) for the 
irregular sparse graphs tested. 

The three algorithms are also compared on the basis of 
their execution times and the characteristics of their 
constructed partitions. The ratio of execution times of the 
PQEP algorithm and the PFEP algorithm is constant with the 
PFEP algorithm two to three times faster than the PQEP 
algorithm. The ratio of execution times of the STEP 
algorithm and the PFEP algorithm varies, as expected, as the 
Size of the input graph varies. The PFEP algorithm is 0(n) 
times faster than the STEP algorithm. 

One characteristic of the constructed partitions for 
the complete graphs and the complete bipartite graphs is 
that the largest subgraph is of maximum planar size. Also, 


the STEP algorithm and the PFEP algorithm construct a 
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subgraph of maximum planar size for the m-cubes. The 
subgraphs constructed by the STEP algorithm are always 
maximally planar and those constructed by the PFEP and PQEP 
algorithms are maximally planar or nearly so. The STEP 
algorithm has a tendency to construct subgraphs with one or 
two vertices of larger degree than the rest, the PFEP 
algorithm produces subgraphs with at least one vertex of 
larger degree, and the PQEP algorithm produces subgraphs 


with at least two vertices of larger degree. 


6.2 Conclusions 

The first goal of this thesis, that of designing an 
efficient algorithm that produces a good approximation to a 
minimal planar partition for a graph, was achieved. Three 
efficient heuristic algorithms were designed. 

The PFEP algorithm is the best algorithm of the three 
because it requires less time than the other two to produce 
planar partitions of the same order. The STEP algorithm 
requires much more execution time (O(n) more time) than the 
PFEP algorithm and this is the major drawback to its use. 

It may be more desirable to use the PQEP algorithm when 
partitioning large complete graphs or irregular graphs since 
the algorithm produces partitions with one less subgraph 
than the PFEP algorithm produces for those test graphs. 

The second goal, the desired balance between the 


complexity of an algorithm and the quality of the 
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approximation it produces, has also been achieved. Any 
consistent decrease in the sizes of the constructed 
(improvement in the approximation) partitions would probably 
require one or both of the following: an iteration scheme to 
improve on the initial partition, or, in the planar graph 
constructors of the PFEP and PQEP algorithms, the 
introduction of lookahead or backtracking to make a more 
informed decision about which edges to delete. 

It may be feasible to use the algorithms in the design 
of circuit layouts. They produce good approximations to 
minimal planar partitions and the PFEP and PQEP algorithms 
do so efficiently. If a goal of the layout is to have each 
board contain as many wires as possible, then these 
algorithms may be useful in placing the wires on the boards. 
The PFEP and the STEP algorithms may be more useful than the 
PQEP algorithm as they consistently produce larger 
Subgraphs. Because the algorithms produce subgraphs with at 
least one vertex of large degree (and the remaining vertices 
of small degree), the density of wires around the large 
degree vertices may become too large for the circuit. The 
PFEP algorithm is the most useful in this case because each 
constructed subgraph has only one vertex of large degree. 
The other two algorithms produce subgraphs with two or more 
vertices of large degree. However, since the PQEP algorithm 
partitions a graph, so that at least two vertices in one 
subgraph do not have edges in any subgraph produced later 


on, the algorithm may be useful in circuit layouts where 
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there are constraints on the number of boards on which a 
module may appear. 

One major attribute of the STEP algorithm is its 
Plexabibityein producing subgraphs. Because edges are added 
to a subgraph one at a time, any violation of wire density 
(degree) constraints or wire length constraints could be 
checked before an edge is placed in the subgraph. With the 
PFEP and PQEP algorithms, constraint violation checking must 
occur after the subgraph is produced. Thus for enetaate 
of this nature the PFEP and PQEP aigaetlene aes less 


effective in designing a good layout for a circuit ona 


small number of boards. 


6.3 Further Research 

There are questions to be answered concerning the 
minimal planar partition problem for an arbitrary graph: 

1. Is the problem of determining a minimal planar partition 
for an arbitrary graph NP-complete? 

2. If the problem is not NP-complete, then what is a method 
for solving the problem in polynomial time? 

Some questions that remain concerning Fisher and Wing's 
algorithm [Fis 66], outlined in Chapter 4, and the three new 
algorithms include: 

1. How well does Fisher and Wing's algorithm perform and 
how does it compare with the STEP, PFEP, and PQEP 


algorithms? 
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Does the ordering of the vertices (by vertex degree) 
affect the size of the partitions produced by the 
algorithms and, if so, does the optimal ordering vary 
with the class of graph being partitioned (as occurs 
with graph coloring algorithms)? 

Do the PFEP and PQEP algorithms produce subgraphs that 
are far from maximal size for some graphs? 

Pout possible to use the edge partitioning algorithms 
proposed in this thesis to aid in the design of circuit 
layouts? How useful are they if there exist constraints 
on wire density on a board, wire routing and length, the 
placement of modules, and the number of boards on which 
each module is represented? 

The tests performed on the proposed algorithms are not 
complete and more testing is required to determine their 
performance measures with greater accuracy. It may be 
the case that, for irregular graphs, the limit of 2t(G) 


for the performance meaSures is too small. 
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